
Week 7 – Oct 13, 2016

Projects

(1) Matter-Antimatter

Resource: Lecture by Maurice Jacob: PaulDirac.pdf and recent <https://en.wikipedia.

org/wiki/Antimatter>

(2) Majorana Fermions

Nature Physics Article by Frank Wilczek: Majorana Reurns.

(3) Topological Quantum Computing

Topological Quantum Computing by Sankar Das Sarma, Michael Freedman, and Chetan Nayak

—————————————————————————-

I. BERRY PHASE AND MAGNETIC MONOPOLE

The Berry phase is an example of anholonomy — the phenomenon in which the parameters

characterizing a physical system are continuously altered but then in the end most of them return

to their initial values (so that one feels that one has “come home”), while one or more other

parameters fail to do so. We now briefly outline the essential ingredients of Berry’s ideas about

geometric phases in quantum-mechanical situations.

Consider a quantum system in an eigenstate ψn with energy En, described by a

time-independent Hamiltonian H:

Hψn(x) = Enψn(x) (1)

In the absence of any additional perturbation, as the system evolves in time, it will remain in the

same energy eigenstate, but its wave function will undergo a periodic oscillation of phase with

the frequency En/~. This periodically varying wave function can be expressed more formally as

follows:
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ψn(x, t) = eiEnt/~ψn(x) (2)

Let us now suppose that during the time interval 0 ≤ t ≤ T , some parameters R1, R2, ...,

which we collectively denote as ~R(t), are slowly changing, with the values of ~R(t) tracing out a

curve C in an abstract space. The state of such a system evolves according to the time-dependent

Schrödinger equation. However, if the parameters ~R(t) vary sufficiently slowly with time (i.e.,

adiabatically), then equation (1) will remain valid at each instant of time. In the case of cyclic

evolution, where the system returns to its starting point after a time interval T (that is, ~R(t) =

~R(t+ T )), we can write:

Hψn(t) = En(t)ψn(t) (3)

Ψ(t) = eiγ(t)e−
i
~
∫
En(t) dtψn(t) (4)

Ψ(t = T ) = eiγ(T )e−
i
~
∮
En(t) dtψn(t) (5)

In addition to the phase e−
i
~
∮
En(t) dt, commonly known as a dynamical phase, one is allowed

to throw in an extra phase factor eiγ , which depends only on the geometry of the path in the

parameter space ~R. This phase factor is included to account for what is known as “gauge freedom”,

which means that one has the freedom to assign a phase to the wave function at each point

in parameter space. (The magnitude of the wave function, however, cannot be tampered with

anywhere.)

If we substitute the wave function into the time-dependent Schrödinger equation HΨ =

En(t)Ψ = i~∂tΨ, it can be shown that:

γ = i

∮
< ψn|∇~R|ψn > · d~R (6)

To derive Eq. (6), take the derivative of Ψ(t) = eiγ(t)e−
i
~
∫
En(t) dtψn(t), and substitute in

i~∂tΨ = En(t)Ψ. Then take the scalar product with ψn(t) and use the orthogonality of ψn.

————————————————————————
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Remarkably, one can identify an “effective electromagnetism” lurking in this situation by

thinking of < ψ|∇~R|ψ > as an effective magnetic vector potential, which we will denote by ~Aeff :

~Aeff = i < ψ|∇~R|ψ > (7)

Here,∇~R is the gradient operator in the abstract parameter space. The parameters collected in the

vector ~R might, for instance, represent angles θ and φ, if the parameter space is, say, the surface

of a sphere.

Equation (6) then becomes:

γ =

∮
~Aeff · d~R (8)

A more intuitive understanding of the angle γ may be obtained if we use Stokes’ theorem to rewrite

the above integral as a surface integral:

γ =

∫
S

∇R × ~Aeff · d~S =

∫
S

~Beff · d~S (9)

This can be interpreted as saying that we have an effective magnetic field Beff , a gauge-invariant

quantity, associated with the gauge field ~Aeff , as follows:

~Beff = ∇R × ~Aeff = i < ∇Rψ| × |∇Rψ > (10)

For ~R = (Rx, Ry), we can write the above equation as follows:

~Beff = i

∫
S

[∂Rxψ
∗∂Ryψ − ∂Rxψ∂Ryψ

∗] dRx dRy (11)

Why is it reasonable to think of ~Beff as an effective magnetic field?

If we systematically change the phase of the wave function at all points in space by altering

its phase (i.e, if we carry out a gauge transformation, as defined earlier), then to compensate for

this alteration, we must simultaneously carry out a change in ~Aeff , so that ~Beff will be unchanged:
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ψ → eiβψ; ~Aeff → ~A′ = ~Aeff − ~∇Rβ; ~Beff → ~Beff (12)

If one chooses β so as to make ~A′ vanish everywhere, then the phase factor γ can be

eliminated. However, this will be possible only if ~Aeff = ~∇Rβ has a solution at all points. That

is, the vector potential ~Aeff , or the wave function that determines this vector potential, must be

smoothly defined everywhere. However, it may happen that this is possible only locally, and there

may not exist a well-defined solution at all points in parameter space, because of the singular

nature of the wave function. That is, it may not be possible in general to find a global convention

that leads to a single-valued, normalizable wave function for all values of the parameters. In such

cases, we have a scenario that leads to quantum anholonomy.

II. CALCULATING GEOMETRIC PHASE – EXAMPLES

(I) Spin in a Magnetic field of constant Magnitude but changing direction.

(II) ESAB Effect

(I) We now use the Eq. (6) to calculate the geometric phase for the problem of an electron

of charge e at rest at the origin, in the presence of a magnetic field of constant magnitude B0 but

changing direction – specified by (θ, φ).

H = −µs ·B = gsµb
~S · ~B
~

(13)

where µB = e~
2m

and ~S = ~
2
σ̂.

H = −µb ~B · ~σ = −µbB0n̂ · ~σ

= −µbB0

 cos θ sin θe−iφ

sin θeiφ − cos θ
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where B0 is the magnitude of the ~B and n̂ is a unit vector pointing in the direction of the

magnetic field: ~B = B0n̂. We have used the expression for Pauli matrices to write the above

matrix form of H .

The eigenvalues are given by,

E± = ±µbB0 (14)

. It will suffice for us to consider just one of the eigenstates of the system, such as this:

Ψ = eiα

 (e−iφ/2 sin θ
2

e+iφ/2 cos θ
2

 (15)

Here α is an arbitrary phase factor. Setting this phase to a value of one’s choice is commonly

called the choice of gauge. We choose α such that Ψ can be written as,

Ψ =

 cos θ
2

e+iφ sin θ
2

 (16)

The parameter vector R(t) described above is specified by (θ(t), φ(t)). We now use the

formula γ = i
∮
< ψn|∇~R|ψn > · d~R to calculate the geometric phase γ.

∇RΨ = r̂∂rΨ + θ̂
1

r
∂θΨ + φ̂

1

r sin θ
∂φΨ (17)

Note that r denotes the magnitude of the vector ~R which is equal to B0.

∇RΨ =
1

r
θ̂

 −(1/2) sin θ
2

(1/2)e+iφ cos θ
2

 + φ̂
1

r sin θ

 0

(ie+iφ cos θ
2

 (18)

< Ψ|∇RΨ >= i
sin2 θ/2

r sin θ
φ̂ (19)

This simplifies things a lot as Ar = Aθ = 0, where A is the effective vector potential ,

~Aeff = i < ψ|∇~R|ψ > (20)
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Calculate∇× < Ψ|∇RΨ >, which gives the effective magnetic field ~Beff .

∇× < Ψ|∇RΨ >=
i

2r2
r̂ (21)

The geometric phase γ =
∫

i
2r2
r̂ · da = −1

2
Ω, where Ω is the solid angle.

Bx

By

Bz

FIG. 1: The curve C denotes the path of the magnetic field. It is very important to distinguish ~B and ~Beff .

Written in terms of the ~B,

~Beff =
B̂

2B2
0

≡ r̂

2r2

Therefore, the effective magnetic field is the field of the monopole sitting at the center of the

sphere. The geometric phase is the flux enclosed by the path of the applied magnetic field due to

an imaginary monopole that sits at the center of the sphere.
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FIG. 2: Formula for Curl of a vector ~A in spherical polar coordinates
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