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We present a gauge-invariant approach for associating a geometric phase with the phase space trajectory
of a classical dynamical system. As an application, we consider the classical analog of the quantum
Aharonov–Bohm (AB) Hamiltonian for a charged particle orbiting around a current carrying long thin
solenoid. We compute the classical geometric phase of a closed phase space trajectory, and also
determine its dependence on the magnetic flux enclosed by the orbit. We study the similarities and
differences between this classical geometric phase and the AB phase acquired by the wave function of
the quantum AB Hamiltonian. We suggest an experiment to measure the geometric phase for the classical
AB system, by using an appropriate optical fiber ring interferometer.
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1. Introduction

The Aharonov–Bohm (AB) effect [1] in a quantum system is an
intriguing phenomenon in which the behavior of a charged particle
that never encounters a magnetic field is affected by the magnetic
vector potential associated with the field. As is well known, the AB
effect is an example of Berry’s quantum geometric phase or an-
holonomy [2], since the wave function of a charged particle orbit-
ing around a thin, long solenoid acquires a path-dependent phase
factor proportional to the total magnetic flux ! passing through
the area enclosed by the circuit.

Since the year 2009, which marked both the fiftieth anniver-
sary of the discovery of the AB effect as well as the twenty fifth
anniversary of Berry’s geometric phase, there have been several
general discussions on various aspects of this effect [3–6]. Most
interestingly, it has been recently pointed out by Ershkovich [6,7]
that the AB effect which has thus far been thought of as a purely
quantum mechanical effect, also manifests itself in classical Hamil-
tonian mechanics, suggesting that one must look for and study its
classical analog.

In fact, the connection between the quantum AB effect and clas-
sical mechanics has been recently shown [7] by deriving this effect
from the Hamilton–Jacobi equation of classical mechanics by us-
ing the eikonal equation of geometric optics, de Broglie’s notion of
wave–particle duality and Hamilton’s principle of least action. In
addition, as pointed out by Berry [4], a classical analog of the AB
effect has also been demonstrated using water waves, over three
decades ago [8].

* Corresponding author.
E-mail address: radha@imsc.res.in (R. Balakrishnan).

Motivated by the observation that the concept of Berry’s geo-
metric phase and its extensions such as the Aharonov–Anandan [9]
phase are applicable in both quantum and classical contexts [10],
in this Letter we study the classical geometric phase associated
with the AB Hamiltonian.

To be specific, we consider the classical counterpart of the quan-
tum Hamiltonian of a charged particle moving in a field-free region
around a long current carrying solenoid, and ask if it can be as-
sociated with a geometric phase bearing the fingerprints of the
magnetic vector potential corresponding to the magnetic field of
the solenoid, like in the quantum case. For the classical AB Hamil-
tonian, the effect of the magnetic vector potential is studied in the
phase space of the system rather than in its configuration space.
We calculate the geometric phase associated with closed phase
space trajectories of the above classical Hamiltonian, and compare
and contrast its vector potential dependence with that of the usual
AB phase for the quantum system.

We begin by noting the following analogy. While the quantum
evolution of a Hamiltonian system can be described by the solu-
tion of its Schrödinger equation, i.e., a wave function in coordinate
space, the classical evolution of the system is described by the so-
lution of the corresponding Hamilton’s equations, i.e., a trajectory
in the phase space of the system. In view of this, we ask: Given a
Hamiltonian, just as its wave function can accumulate a quantum
geometric phase around a closed circuit in coordinate space, can
its corresponding closed trajectory in phase space also acquire a
classical geometric phase?

To answer this question, we first note that a phase trajectory
of any Hamiltonian system is just a space curve [11] in its phase
space. In this work, we first present a general gauge-invariant for-
mulation which can be used to derive the classical geometric phase
of the phase trajectories of a dynamical system. Our formulation is
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close in spirit to the approach of Mukunda and Simon [12] for
finding the quantum geometric phase. As we discuss below, the
mathematical framework underlying this classical phase is analo-
gous to that of the quantum phase. We apply the formulation to
the classical analog of the quantum AB Hamiltonian and compute
the classical geometric phase.

A brief summary of our results is as follows. We show that
while the classical geometric phase has its origin in the magnetic
vector potential just as the quantum AB phase does,there are some
subtle differences. Firstly, while the quantum AB phase is propor-
tional to the magnetic flux ! enclosed by the orbit, the classical
phase is in general a nonlinear function of ! . However, it is pro-
portional to ! for small values of ! , like the quantum phase.
Secondly, the classical geometric phase for the phase-space cir-
cuit can be nonvanishing even if the corresponding circuit of the
particle in configuration space does not wind around the current-
carrying solenoid. However, it goes to zero rapidly as the solenoid
is moved outside the circuit. Thirdly, the classical geometric phase
has its origin in the non-planarity of the circuit in phase space, and
for the simple two-dimensional geometry of the AB Hamiltonian,
requires the solenoid to be asymmetrically placed with respect to
the closed orbit of the particle. We also suggest an experiment in
optics with an appropriate fiber ring interferometer to measure the
geometric phase for the classical AB Hamiltonian system, in order
to compare with our computed results.

2. Geometric phase of a phase space trajectory:
A gauge-invariant formulation

A phase trajectory is just a curve in phase space. The existence
of a classical geometric phase associated with a space curve has
been discussed in literature [13]. The notion of a space curve finds
many applications in science. One possible realization of space
curves is in classical optics: Kugler and Shtrikman [14] have inter-
preted the rotation of polarization in twisted optical fibers (found
earlier experimentally by Ross [15]) as a geometric phase, by con-
sidering the fiber to be a space curve. Their formulation is valid for
adiabatic evolution e.g., curves with small curvatures and gradual
twists. This was subsequently generalized by Dandoloff and Za-
krzewski [16] to non-adiabatic cases as well, and has been applied
in the context of geometric phase in optics [17,18].

In this section, we present a gauge-invariant framework for
identifying the geometric phase of a space curve in three dimen-
sions, which will be applicable to phase trajectories of a wide class
of dynamical systems. While we will consider a curve in three-
dimensions as an example, this framework can also be generalized
to higher dimensions.

Consider a space curve r(t) in three-dimensional space, para-
metrized by t . Although in terms of the parameter t , the tangent
vector rt to the curve may not be a unit vector in general, it is well
known that we can go over to a description using the arc length
variable s defined as s =

!
|rt |dt , in terms of which, the tangent

T = rs is a unit vector. (The subscript s denotes derivative with re-
spect to s.) We may then define the orthogonal right-handed triad
of unit vectors (T,N,B), where N and B denote, respectively, the
normal and binormal unit vectors on the curve, which lie in the
plane perpendicular to T.

The dynamics of this triad is given by the Frenet–Serret
(FS) [11] equations

Ts = "N, Ns = ""T+ #B, Bs = "#N, (1)

where the curvature " and the torsion # are given by

" =
"

(Ts · Ts), (2)

and

# = T · Ts # Tss/(Ts · Ts). (3)

As is well known, # = 0 for a planar curve. Here, an important
point to be noted is that there is a certain arbitrariness, i.e., an
inherent gauge freedom, in defining the direction of the vector N
(and therefore B) in the plane perpendicular to T. In other words,
at every point s on the curve, the vectors (N$(s),B$(s)) defined as

N$(s) = N(s) cos$(s) " B(s) sin$(s), (4)

B$(s) = N(s) sin$(s) + B(s) cos$(s), (5)

are as appropriate as (N,B) are, for defining the triad frame, the
arbitrary angle $(s) representing the gauge freedom.

To find the geometric phase associated with a space curve we
proceed as follows. On the plane perpendicular to T, we define a
complex vector

M = (N+ iB)/
%
2. (6)

Clearly, M! ·M = 1. Further, from Eqs. (4)–(6),

M$ =
#
N$ + iB$$/

%
2 = Mexp

#
i$(s)

$
. (7)

It is easy to verify that

M$ ! ·M$
s = M! ·Ms + i$s. (8)

Integrating both sides of Eq. (8) between two points 0 and S on
the curve, we get

S%

0

M$ ! ·M$
s ds =

S%

0

M! ·Ms ds + i
&
$(S) " $(0)

'
. (9)

From Eq. (7), we obtain

arg
&
M$ !(0) ·M$(S)

'
" arg

&
M!(0) ·M(S)

'
=

&
$(0) " $(S)

'
. (10)

From the definitions of M and M$ , we get

M! ·Ms = i ImM! · Ms, M$ ! ·M$
s = i ImM$ ! ·M$

s. (11)

Substituting Eq. (10) and Eq. (11) in Eq. (9) yields

Im

S%

0

M$ ! ·M$
s ds " arg

&
M$ !(0) · M$(S)

'

= Im

S%

0

M! ·Ms ds " arg
&
M!(0) ·M(S)

'
. (12)

From Eq. (12), it is obvious that the geometric quantity

%g = arg
&
M!(0) ·M(S)

'
" Im

S%

0

M! ·Ms ds (13)

is gauge invariant, since it is independent of the choice of the angle
$(s) in Eq. (7). By noting that in Eq. (13), the first term is just the
total phase %p accumulated by M as the triad is moved from 0 to S ,
and that the second term corresponds to the dynamical phase %d
arising from the dynamics of the triad given in Eq. (1), we obtain

%p = %d + %g . (14)

Thus the total phase %p contains an extra contribution %g in ad-
dition to the dynamical phase. This is just the classical geometric
phase. Its gauge invariance is explicit in this formalism.

For a cyclic evolution of the triad, the total phase %p vanishes.
Then the geometric phase is given by
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% = " Im

S%

0

M! ·Ms ds = i

S%

0

M! ·Ms ds. (15)

It is interesting to note that this classical geometric phase for a
space curve has the same form as the quantum geometric phase found
by Aharonov and Anandan [9], when the classical complex vector
M is replaced by a quantum eigenvector. So far, the above mathe-
matical framework for calculating the classical geometric phase is
analogous to the kinematic approach [12] for calculating the quan-
tum geometric phase.

We now substitute for M and Ms from Eq. (6) into Eq. (13)
and use Eq. (1). This yields the geometric phase to be just the
integrated torsion:

% =
S%

0

# ds. (16)

Thus % is nonzero for all non-planar space curves.
This phase can also be found in another way [16]. The Frenet–

Serret (FS) [11] equations (Eq. (1)) can be written in a compact
form Fs = ! # F where, ! = #T + "B. Here, F = T, N, or B. There-
fore, the FS triad rotates with an angular velocity # around T and
" around B. The latter tilts T, while the former does not. Thus if
we work in a non-rotating (Fermi–Walker) frame in which T gets
parallel transported, only the former survives and leads to a rota-
tion of the (N,B) axes, given by % in Eq. (16).

We express the unit vector T in spherical polar coordinates, in
terms of the polar angle & and the azimuthal angle ' as

T = (sin & cos', sin & sin', cos &). (17)

Substituting this in Eq. (3), a short calculation shows that % =!!
sin & d& d' . This is just the solid angle subtended at the center

of a unit sphere by the surface enclosed by the path of the tan-
gent indicatrix. This connection also suggests that % can be viewed
as a geometric flux which corresponds to the geometric field of a
monopole placed at the center of the unit sphere [13].

In summary, the gauge-invariant framework is general in the
sense that the dynamical evolution need not be adiabatic and the
underlying circuits need not be in parameter space. It can also in-
clude dissipative systems.

The expression for the classical geometric phase obtained
(Eq. (15)) is seen to be similar in form to that of the quantum
geometric phase. In addition to gauge invariance that underlies
the classical as well as the quantum phases, both are examples of
anholonomy: the classical phase describes the anholonomy associ-
ated with the unit vectors that describe the underlying geometry
of the trajectory. Furthermore, both are related to the magnetic
monopole problem [10]. A natural question arises as to whether
these similarities between the formal expressions of the quantum
and the classical geometric phases would lead to similarities be-
tween the actual phases computed for a specific quantum Hamil-
tonian and its classical analog.

In the next section, we will describe the quantum AB Hamil-
tonian and the trajectories of its classical analog, with a view to
eventually apply the results of this section.

3. The Aharonov–Bohm Hamiltonian

We consider a charged particle of unit mass, and charge e, con-
fined to the xy-plane by a harmonic well, encircling a current
carrying thin long solenoid with its axis along the z-axis [19]. The
system is described by the following Hamiltonian:

H = 1
2
(p" eA/c)2 + 1

2

#
(x" x0)2 + (y " y0)2

$
. (18)

Here A is the vector potential associated with the magnetic field
of the solenoid. Although the field is confined within the solenoid,
the vector potential A also exists outside the solenoid as the to-
tal magnetic flux ! through every circuit containing the origin is
a constant ! =

(
A · dl. The singular limit of this situation is the

delta-function flux tube realized by a vector potential with Carte-
sian components Ax = !

2(
y

x2+y2
and Ay = " !

2(
x

x2+y2
. (We choose

the gauge & · A = 0.)
It should be noted that by shifting the center of the trajectory

of the particle to (x0, y0), away from the origin (0,0) where the
solenoid is placed, we break the x–y symmetry. This allows us to
study the effect of moving the solenoid relative to the center of
the orbit. For our studies here, we will set y0 = 0 and describe our
results in terms of the parameter ) = e!/(2(c) and x0.

We recall that for the usual quantum problem, the eigenfunc-
tions of the Hamiltonian are

*(x, y) = U (x, y)exp
i
h̄

)
Et + (e/c)

*
A(r) · dr

+
, (19)

where U (x, y) are the eigenfunctions of the two-dimensional har-
monic oscillator, with A = 0. For a periodic circuit in r, the eigen-
states develop a geometric phase factor e

h̄c

(
A(r) ·dr = e!

h̄c , in addi-
tion to the dynamical phase factor Et/h̄. If we regard this phase as
a quantum “geometric flux”, then this fictitious flux is simply pro-
portional to the real magnetic flux ! . As we show below, in the
classical setting, the above linear relation is valid only in the limit
of small magnetic fields.

For the classical problem, the particle trajectories on the xy
plane (i.e., the coordinate space of the system) do not see the vec-
tor potential. It is easy to show that the Lagrangian of the system
remains unaffected by the magnetic field, apart from a total deriva-
tive term.

However, the magnetic field leaves its fingerprints on the
phase space trajectory described by (x, y, px, py), where p+ =
+t + (e/c)A+ with (+ = x or y) represent the x and y compo-
nents of the canonical momentum of the particle. Here +t denotes
the derivative of + with respect to time t . We will focus on the
constant energy surface and consider the projected 3D phase tra-
jectory as a space curve defined by the vector r(t) = (x, y, px).
Other projections with energy surface defined by (x, y, py) or
(x, px, py) are found to give similar results.

By regarding a path of the particle in phase space as a space
curve, and using the results of Section 2, we obtain the geomet-
ric phase as a path-dependent, gauge-invariant geometric quantity
associated with a phase space circuit of the AB Hamiltonian. This
derivation will be given in the next section.

4. Geometric phase associated with the phase trajectories of the
Aharonov–Bohm Hamiltonian

We will now apply the results obtained in Sections 2 and 3 to
compute the geometric phase of the various phase trajectories of
the AB Hamiltonian.

First, we make a change of variables from the arc length s to
t using ds = v dt = |rt |dt , and write the curvature " and torsion
# defined in Eqs. (2) and (3) respectively, in terms of the time
derivatives of r:

" = |rt # rtt |/|rt |3, (20)

# = rt · (rtt # rttt)/|rt # rtt |2. (21)

As mentioned in Section 3, the trajectory is given by r(t) =
(x, y, px), with px = xt + (e/c)Ax , where Ax = !

2(
y

x2+y2
. For the

Hamiltonian (18), the trajectory of the particle is in general an
ellipse, described by (x " x0) = a cos t , (y " y0) = b sin t , where
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(x0, y0) is the center of the ellipse. Thus knowing the solution
(x(t), y(t)) describing the orbit, the geometry of the phase tra-
jectory can be quantified. It is convenient to use the symbolic
manipulations in Wolfram’s Mathematica to compute the geom-
etry of the orbit in terms of its curvature " and its torsion # from
Eqs. (20) and (21). We can express these in terms of the deriva-
tives of f (t) = y/(x2 + y2). Note that f (t) is independent of ).
Setting a = 1 without loss of generality, we get

# = )( ft + fttt)
(sin t + ) ftt)2 + (cos t " ) ft)2 + (b2 " 1)(1+ g(t))

, (22)

"2 = (sin t + ) ftt)2 + (cos t " ) ft)2 + (b2 " 1)g(t)
(1 + (cos t " ) ft)2 + (b2 " 1) cos2 t)3

. (23)

Here, g(t) = ( ftt cos t + ft sin t)2. The key point to be noted here is
that a nonzero magnetic vector potential, which implies nonzero ),
leads directly to a nonzero torsion. In other words, the vector po-
tential manifests itself as the torsion of the space curve. Thus,
the classical geometric phase which is the integrated torsion, is
a global quantity that will bear the fingerprints of the vector po-
tential of the solenoid.

It is clear that for a non-planar space curve corresponding to a
periodic trajectory, although the phase space variables are periodic
functions of the period of the oscillator, the FS triad need not be
so. Therefore, a non-planar phase trajectory leads to an interesting
example of an anholonomy that will characterize the geometry of
the trajectory.

We can quantify this by the angle %, the angle by which the
binormal rotates (see discussion below Eq. (16)) when the tangent
is parallel transported along the trajectory over a full period T ,
which is 2( for our Hamiltonian:

%T =
T%

0

v# dt. (24)

Some useful information can be gained by looking at the ex-
plicit expression for the torsion in certain limits. Firstly, for x0 = 0,
small ), and a small eccentricity , = (b"a), the expression for the
torsion simplifies to # ' "6), cos t . This is linear in ), and is peri-
odic in t . Therefore, circular orbits (b = a), with the solenoid at the
center of the circle possess zero torsion in this limit. This result is
in fact true in general (without any small parameter limit) for cir-
cular orbits with x0 = 0, since ft + fttt = 0 see Eq. (22). Hence
for the special case when the solenoid is placed at the center of
the orbit, only an elliptic orbit is sensitive to the presence of vec-
tor potential, because of its torsion. For general ), as seen from
Eq. (22), # is an oscillatory function of t , but contains higher har-
monics, and is a nonlinear function of ). This is in contrast to the
case of small ), when # varies like cos t with only the fundamen-
tal harmonic, and is a linear function of ).

As illustrated in Fig. 1, though the torsion feels the potential,
the net geometric phase acquired by the phase space circuit is
zero. Note however that the geometric phase acquired by the FS
triad is nonzero over half the period of the cycle. But the net phase
adds up to zero for the full cycle as shown by plotting the inte-
grated phase, namely, %t =

! t
0 v# dt , as a function of t .

Next, we consider the case where the center of the orbit of
the particle is displaced by x0 from the solenoid. The effect of the
shift x0 on the geometry of the space curve can be illustrated in
the small x0 limit. With a = b, i.e., circular orbits, we have # '
12(x0) cos(2t)
(1+(1"))2)

. For small ) and x0, it can be shown that the % '
0.6(x0). Therefore, by displacing the solenoid from the center of
the orbit, the geometry of the phase space can be characterized by
a nonvanishing phase factor. Fig. 2 illustrates this case. As shown
in Fig. 2, a nonzero x0 breaks the symmetry between positive and

Fig. 1. Curvature " , torsion # and the integrated geometric phase %t as a function
of time (in units of 2( ) for an elliptic orbit with a = 1, b = 1.5. ) = 2. The center of
the elliptic orbit = x0 = 0 is located at the solenoid. Although the phase is nonzero
after half the cycle, the symmetry about # = 0 leads to %t = 0 at the end of the
cycle.

Fig. 2. Curvature " , torsion # and the integrated geometric phase %t are plotted as
a function of time (in units of 2( ) for an elliptic orbit with a = 1, b = 1.5. ) = 2
and x0 = 0.5. The asymmetry about # = 0 leads to a nonzero %t at the end of the
cycle.

negative values of # , resulting in a finite phase at the end of the
cycle.

Fig. 3 shows the variation in classical geometric phase % as the
center x0 of the circular orbit of radius a = 1 is moved along the
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Fig. 3. Classical geometric phase % for a circular orbit (a = b = 1) on the xy
plane, as a function of x0, the distance between its center and the solenoid, for
) = 0.5,1.0,2.0. The innermost curve corresponds to the smallest ). Note that at
x0 = a = 1, the particle hits the solenoid and % diverges. For x0 > 1, % decreases to
0 rapidly.

x-axis, away from the origin where the solenoid is placed, for ) =
0.5,1.0 and 2.0. The phase vanishes for x0 = 0 due to symmetry
(compare Fig. 1), but is nonzero as |x0| is increased. For x0 = a = 1,
the orbit hits the solenoid, and the phase diverges, as shown in the
figure. For x0 > 1, while the classical phase % persists (unlike the
quantum phase which would vanish abruptly for x0 > 1). However,
the classical phase does vanish very rapidly to 0 for x0 > 1, and in
fact approaches 0 closer and closer to x0 = 1, as ) gets smaller.

Fig. 4 shows the dependence of the classical geometric phase
on ) (or equivalently, the magnetic flux ! which is the strength
of the vector potential) for various orbits. For circular orbits (thick
lines) it illustrates the non-monotonic dependence of % on ) and
hence the magnetic flux ! . Unlike the quantum phase, the clas-
sical phase saturates as the magnetic flux goes to (. It can be
shown analytically that as ) ) (, %

2( ) sign())8x0.
Fig. 4 also shows a certain peculiar ) dependence of the phase

for the circular orbits (solid lines), which can be understood an-
alytically. For a = b, there is a finite value of ) = )0 where
the geometric phase vanishes. As x0 increases from 0 to 1, )0
moves from 1 to 0. For x0 small, )0 ' 1, the phase is given by
% ' " 3

4 x0(1" ))2. This vanishing of % at finite ) occurs for circu-
lar orbits because the momentum of the particle vanishes at that
value of ), as is easily seen in the small x0 limit.

For elliptic orbits (dotted lines in Fig. 4) in contrast, % monoton-
ically increases with ). Interestingly, for small x0 and a wide range
of ) (Fig. 4, top panel) the geometric phase is a linear function of
) or equivalently, the magnetic flux ! . This is similar to the be-
havior of the quantum phase. This behavior persists for larger x0,
but only for small values of ) (Fig. 4, middle and bottom panels).

5. Summary of results and a proposal for an experiment

We have presented a gauge-invariant formulation for associat-
ing a geometric phase to a space curve. Using it, we have shown
that in general, the classical geometric phase of a phase trajectory
can be written in a form analogous to the quantum Aharonov–
Anandan phase, by replacing the state vector in Hilbert space that

Fig. 4. Solid and dotted lines respectively show the variation of the classical ge-
ometric % with respect to ) for circular orbits with a = b = 1 (solid lines) and
elliptic orbits with a = 1 and b = 1.5 (dotted lines), centered around x0 = 0.1,0.5
and 0.9 respectively. The circular orbits show a non-monotonic dependence on ).
The elliptic orbits show a monotonic increase with ): For small x0 (top panel), the
dependence is almost linear for a large range of ). For larger x0 (middle and bottom
panels), the behavior is linear for small ).

appears in the expression for the latter, by the complex vector
M = (N + iB)/

%
2, where N and B represent the unit normal and

binormal vectors that can be defined at every point on the trajec-
tory.

Specializing to the classical AB Hamiltonian (Eq. (18)), we com-
pute the geometric phase associated with a periodic trajectory.
Note that for computing the classical geometric phase, the circuit
involved is not in the xy plane (as for the quantum phase) but
rather a three-dimensional circuit in phase space. However, since
its projection on the xy plane is a closed circuit on that plane,
we are able to make a correspondence of its geometric phase with
that of the quantum geometric phase.

The geometric phase of the classical AB Hamiltonian has its ori-
gin in the magnetic vector potential just as the quantum AB phase
does. Further, as already noted in Section 2, the general form of
the classical geometric phase associated with a trajectory is very
similar to the well-known expression for the quantum geometric
phase. But explicit calculations show that while there are cer-
tain similarities, there are also some differences between the two
phases in the case of the AB Hamiltonian we have studied.

Since the classical phase considered is also a measure of the
non-planarity of the circuit in phase space, this feature is shown
to require the solenoid to be asymmetrically placed with respect
to the center of the planar orbit of the particle, to obtain a nonva-
nishing geometric phase (Figs. 1 and 2).

As seen from Fig. 3, unlike the quantum phase, the classical
geometric phase % can be nonvanishing even if the circuit of the
particle in configuration space does not wind around the current-
carrying solenoid. However it vanishes rapidly as the solenoid is
moved outside the circuit. Further, the dependence of the plots on
) (or, equivalently, !) in Fig. 3 shows that for very small values
of ! , the classical phase will become zero very near x0 = 1, i.e., as
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soon as the solenoid is moved outside the circuit, which is remi-
niscent of the quantum phase behavior.

While the quantum AB phase is proportional to the magnetic
flux ! of the solenoid, the classical geometric phase is in general
a nonlinear function of ! , as seen in Fig. 4. However, a closer in-
spection of the various panels of Fig. 4 shows that the classical
geometric phase is proportional to ! for elliptic orbits for a wide
range of ) (or equivalently, !), when x0, the displacement of the
solenoid from the center of the orbit is small. For larger displace-
ments in the case of elliptic orbits, and for all displacements in the
case of circular orbits, the quantum-like proportionality to ! still
persists, but only for small ! . Thus our results indicate a certain
correspondence between the quantum AB phase and the classical
geometric phase of the AB Hamiltonian, for small ! .

We conclude this Letter by suggesting an experiment to mea-
sure the geometric phase associated with the classical AB Hamil-
tonian. Our gauge-invariant derivation of the classical geometric
phase has used the differential geometry of space curves. As al-
ready mentioned in the Introduction, an optical fiber is an example
of a space curve. As pointed out in Section 2, optical manifestations
of geometric phase have been experimentally observed in other
contexts. This suggests that the application of our results may be
experimentally feasible in the field of classical optics.

Geometric phase has been measured in experiments using a
single-mode, uniform (constant pitch) open helical optical fibers
[15,20], whose ends are kept straight and parallel. The fiber is in-
serted into a Teflon sleeve, and then attached to the outer perime-
ter of a spring [20]. Thus by stretching the spring, both the radius
and the pitch of the helix can be varied, and the geometric phase
has been measured in each case. In addition, the geometric phase
in the case of a non-uniform helical fiber with varying pitch has also
been measured. Here, one proceeds by first getting a template of
the computer generated curve [20] using a piece of paper, which is
then wrapped on a cylinder, and the optical fiber (covered by the
Teflon sleeve) is laid on the curve.

Turning to closed curves, the geometric phase is the phase
shift observed between a right-circular polarized wave and a left-
circular one traveling in opposite directions along the curve. For a
uniform closed helical optical fiber, this phase shift has been mea-
sured by Frins and Dultz [21] by using an optical ring interferom-
eter. In all the above experiments, the agreement with theoretical
results is well established.

For our purpose, we must now suggest an experiment to mea-
sure the geometric phase for the specific case of the classical AB
system (Eq. (18)). For the AB Hamiltonian, as explained in Sec-
tion 3, the space curve (i.e., phase space trajectory) for which the
geometric phase has been computed is given by

r(t) =
&
x(t), y(t), px(t)

'

=
)
x(t), y(t), xt + )y(t)

(x2(t) + y2(t))

+
, (25)

where x(t) = x0 + a cos t and y(t) = b sin t . This represents a closed
curve. For ) = 0, it can be easily verified using Eq. (21) that the
torsion # is zero, and hence the curve is planar. This is in agree-
ment with Eq. (22). However, for ) *= 0, r(t) is a non-planar curve.

In Fig. 5, as an example, we have plotted five space curves using
Eq. (25). These correspond to ) = 0,0.5,1.0,2.0,3.0, for an elliptic
orbit with parameter values that are appropriate for the dotted line
plot in the middle panel of Fig. 4.

For the experimental arrangement, we could use a variant of
the set up of the optical ring interferometer given in Fig. 1 of [21],
where the optical fiber was partially wound on a cylinder to form
a uniform helix, and the two ends were laid on a plane. Since our
space curve (25) is more complicated than a uniform helix, we
must first fabricate a computer-generated template for this curve

Fig. 5. Space curves (Eq. (25)) corresponding to ) = 0,0.5,1.0,2.0 and 3.0 for ellip-
tic orbits with a = 1, b = 1.5 and x0 = 0.5. The innermost curve corresponds to the
smallest value of ).

in three dimensions, using a wire made up of an appropriate ma-
terial (for example the material used for the springs in [20]). Then
attach a Teflon-covered optical fiber along this wire which has the
shape of the desired space curve given in Fig. 5.

Since for the AB system the space curve is already closed, it
can be substituted in the place of the closed path CBAD in Fig. 1
of [21]. If necessary, planar fiber extensions like CB and DA (which
do not contribute to the geometric phase) can be added to facili-
tate the placement of the beam splitter. For a given x0 and ), the
geometric phase is just the phase shift % is found from the inten-
sity distribution of the interference pattern (see Eq. (2) of [21]).
One can keep x0 fixed, and use the space curve templates for var-
ious ) values, that can be fabricated using Fig. 5 to find % as a
function of ) experimentally. This can then be compared with our
theoretical plot given in Fig. 4.

We hope our theoretical results presented in this Letter will
motivate experimentalists in the field of optics to measure the ge-
ometric phase associated with the classical AB Hamiltonian. They
could either use the experiment that we have proposed above for
the case of closed twisted fibers, or design other types of experi-
ments to measure this classical geometric phase.
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