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Abstract 

The almost periodic eigenvalue problem described by the Harper equation is connected to other classes of quasiperiodic 
behavior; the dissipative dynamics on critical invariant tori and quasiperiodically driven maps. Firstly, the strong coupling 
limit of the supercritical Harper equation and the strong dissipation limit of the critical standard map play equivalent role 
in describing the universal characteristics of these systems. Secondly, a simple transformation is used to relate the Harper 
equation to a quasiperiodically forced one-dimensional map. In this case, the localized eigenstates of the supercritical Harper 
equation correspond to strange but nonchaotic attractors of the driven map. Furthermore, the existence of localization in the 
eigenvalue problem is associated with the appearance of homoclinic points in the corresponding map. 
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1. Introduct ion 

The Harper equation [ 1 ] (also known as the almost Mathieu equation [2]) is a discrete prototype of  the Schrtdinger 
equation with quasiperiodic potential. This finite difference eigenvalue equation has been used extensively in 

studying the localization transition in incommensurate systems. The system bears a close analogy with the standard 
map with and without dissipation [3,4]. Invariant circles in the standard map correspond to extended states of  the 
Harper equation while the breakup of  an invariant circle is analogous to the localization transition in the Harper 
equation. The nonanalytic crit ical circles correspond to the crit ical eigenfunctions which are neither exponentially 
localized nor extended but exhibit fractal characteristics. In both cases, the transition has been studied by the 
renormalization methods [3,5-7]. We have recently applied the decimation methodology, developed earlier to point 
out an effect of  finite dissipation on the universal transition from quasiperiodicity to chaos [8], to a variety of  
eigenvalue problems which can be written in the linear-difference form [9,10]. 
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In this paper, we show two new correspondences between the Harper equation and the quasiperiodic dynamics of 

iterated maps. Firstly, there is an interesting relationship between the strong coupling renormalization fixed point 
of the Harper equation [10] and the strong dissipation (circle map) limit of the critical standard map [5,6]. Due to 

the analogy between the Jacobian determinant describing the contraction due to dissipation in the standard map and 

the inverse localization length in the Harper equation, the renormalization analysis becomes similar in both cases. 

Secondly, we discuss a simple transformation which takes the localized states of the Harper equation to strange 
nonchaotic attractors (SNA) [11-14] of a quasiperiodicaUy driven map. 2 An analogous result in the continuous 

case has been reported by Bondeson et al. [15]. Using the substitution introduced by Priifer [16] already seventy 

years ago, the continuous Schr6dinger equation with quasiperiodic potential can be linked with a quasiperiodically 

forced oscillator so that the energy eigenvalue appears as a parameter for the oscillator. Our focus is similar to the 

one of Bondeson et at. [15] in that we are interested in the effecl of the localization transition on the dynamics of 

the forced map. The simplicity of the discrete system compared to the continuous model offers us the possibility to 

show the existence of SNA near the strong coupling limit of the Harper equation. 
The Harper equation is briefly reviewed in Section 2. There we also outline the decimation method which is used 

in Section 3 to show how this eigenvalue problem is related to the critical dissipative standard map. In Section 4, we 

discuss the dynamics of the one-dimensional driven map associated with the Harper equation and show explicitly 
the connection between localization and strange nonchaotic attractors. In Section 5, the results are discussed from 

a more general perspective. 

2. Harper equation and its decimation 

The quasiperiodic eigenvalue problem, whose relationship with nonlinear dynamics is discussed in this paper, is 

the Harper equation 

~r i+ l  -t- 1/ri--1 -~ 2)~ cos[27r(i~ + ~b)]~ri ~--- Egzi. (1) 

Here E is the eigenvalue corresponding to the eigenfunction 7ti. Originally, Harper [1] derived the equation to 
describe quantum states of the two-dimensional electron gas on the square lattice in a transverse magnetic field 

where only the hopping to nearest-neighbor sites was taken into account. By an apprOpriate choice of the magnetic 
gauge, the problem reduced to that on the one-dimensional lattice. In the above equation, the parameter a represents 

the magnetic flux per plaguette in units of the flux quantum. For diophantine ~r, the model exhibits a metal-insulator 

transition in one dimension so that the eigenstates are extended (quasiperiodic) for 3~ < 1 and exponentially localized 

for )~ > 1. Moreover, the equation itself exhibits self-duality which allows one to obtain the inverse localization 

length g analytically: g = ln()0 [2,17]. At the critical parameter value )~ = 1, the eigenstates are multifractal and 

the spectrum is conjectured to be singular continuous [2]. 
The fractal characteristics of the eigenstates can be studied by various renormalization methods [7]. Here we 

explain a simple decimation method [8-10] for the case where ~ is given by the inverse golden ratio cr = ( ~ -  1)/2. 
Our formulation can be generalized also to other irrational frequences and systems in which ~r i is a multi-component 
vector. 

In the decimation scheme, it is appropriate to decimate out all sites except those labeled by the Fibonacci numbers 
Fn (which are the best rational approximants of the golden ratio). At the nth decimation level (n = 2, 3 . . . .  ), the 
linear-difference equation is expressed in the form 

fn ( i )~( i  + Fn+l) = ~( i  + Fn) + en(i)~(i).  (2) 

2 SNA have been recently found over a finite parameter range also in an autonomous system. See e.g. [14]. 
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The additive property Fn+l = Fn + Fn-1 of the Fibonacci numbers provides one with exact recursion relations for 

the decimation functions en and fn: 

Aen (i) 
en+l(i) -- 1 -q- A f n ( i ) '  (3) 

fn+l( i )  = f n - l ( i  q- Fn)fn( i  -~ Fn) A : en - l ( i  H- Fn) -t- f n - l ( i  -t- Fn)en(i -1- Fn). (4) 
1 -q- A fn( i )  ' 

The decimation functions en and fn define a renormalization trajectory which converges asymptotically as n --+ 

on an attractor. In the case when the attractor is a limit cycle of period p, the attractor reflects the translational 

invariance of the function ~ in the Fibonacci space and also captures the self-similarity of 7t in all scales. The 
decimation functions en and f~ determine the universal scaling ratios 

ffj = lim [ ~ ( F p n - t - j ) / ~ r ( O ) ] ,  j : 0 . . . .  , p -- 1. (5) 
n----~ t o  

We have applied the decimation procedure to the critical Harper equation with )~ = 1 for fixed E which was 

usually chosen either at the band center or at the band edges [9]. Here the p universal numbers ff described the 
amplitude of the eigenfunction at points which were spaced p (or any multiple of p) Fibonacci sites apart from 

the central peak. More recently [10], the decimation procedure explained in above was used to describe universal 

features in the Harper equation beyond criticality. Here, the fluctuations of localized eigenfunctions were shown 

to be universal. In the next section, we revisit the renormalization analysis of the localized states of the Harper 
equation and point out a relationship with an analogous problem for the critical dissipative standard map. 

3. Localization and the critical dissipative standard map 

Here we discuss the analogy between the Harper equation and the dissipative standard map 

k 
Xiq-1 = Xi -l- S'2 -I- b ( x i  - -  x i - 1 )  - -  - -  sin(27rxi).  (6) 

27r 

With 0 < b < 1, and for certain values of £2 and k, this map leads to quasiperiodic dynamics on an invariant circle. 

The model has been used as a paradigm for the Poincar6 map when studying the transition from quasiperiodicity 

to chaos in higher dimensional systems. In order to find a criterion for criticality, Bohr et al. [4] proposed to look 

at the so called reduced circle map, i.e. the projection of the Poincar6 map on the invariant circle. Various studies 
pointed out that the reduced circle map did not show zero slope at the transition like the critical analytic circle maps 
did [18]. In particular, in [8], a decimation method similar to the one of the previous section was used to derive a 

universal dependence of the smallest slope of the reduced circle map on the effective Jacobian determinant of the 
Poincar6 map. 

In the original paper [8], the universality of the factor of proportion between the smallest slope and the effective 
Jacobian was shown only in the limit when the latter tended to zero although the simulations suggested this 
universality to be valid more generally. In below, we explain why the universality extends to finite Jacobians 
as well and underline the common principle behind this and the universality of the localized eigenstates of the 
Harper equation ]10]. In both cases, the universality can be generalized also to other than the Fibonacci sites but 
for the present purpose it suffices to consider this restricted universality. 

In the Harper equation, the fluctuations of a localized eigenfunction are defined by factorizing out the exponentially 
decaying part. The eigenfunction ~i is written as 

~i  = e-Yitli.  (7) 
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The resulting equation for the fluctuations Oi becomes 

1 
~r]i+l q- XY/i-1%- 2)~ cos[2zr(i~r + ~b) ] /7 i  = El~i. (8) 

On the other hand, a similar linear-difference form can be obtained for the dissipative standard map by considering 
the equation for the derivatives ~i ---- Oxi/Oxo describing the slope of  the i times iterated reduced circle map X~+l = 
h(xk )  on the invariant circle at x0:3 

~i+1 q-b~i-1 - [1 q - b -  kcos(27rxi)]~i  = O. (9) 

By factorizing out an exponentially decaying effective Jacobian from the slope, ~i = b i rli, we obtain 

brli+l q- rli_ 1 -- [1 q- b - k cos(2~xi)]r l i  = O. (10) 

It is interesting to note that Eqs. (8) and (10) have well-defined limits when )~ --+ cx~ or b -+ 0, respectively. 

Moreover, these limits resemble one another. As the latter corresponds to the circle map, for which the existence of  

a renormalization fixed point has been known for a tong time [5,6], the analogy suggests the existence of  a similar 
renormalization fixed point also for the fluctuations in the Harper equation above criticality. In fact, applying the 

decimation tools to  Eq. (8), the fluctuations of  states with eigenvalue either at the band center or at the band edges 
were found to be self-similar, characterized by periodic attractors of  the renormalization operator [10]. In particular, 

for the states at the band edges with ~b ------ 1/4, [~TFn/~70] --+ (H = 0.172586410945. . .  as n ~ cx~, independently of  
the value of)~ > 1. This universality can also be interpreted in an alternative way: the finite-size inverse localization 

length ~ (i), defined by 7el = e - i ~ ( i ) ,  varies around the asymptotic value V in a universal way given by the equation 

y - ~(Fn) = log I~IF, I /Fn.  (11) 

This is a rather intriguing result as the inverse localization length does depend upon )~. 
In [8], a somewhat similar formulation of  the decimation equation (2) and the recursion relations was used to 

derive the following result along the critical line k = kc(b,  S2) for the breakup of  the golden invariant circle in the 

standard map: ~Fnb -F .  -+ ( s  as n -+ cx~, where (s = 0 .435625. . .  and the slope was calculated at the point x0 
which lead to the smallest value. 

In order to understand the origin of  the parameter-independent universality in the Harper equation and the 

universality of  (s for the full range of  the dissipation parameter b in the standard map, we write the equation for ~/i 
in both cases in the form 

f2(i)~?(i + 2) = 7](i + 1) + e2(i)r](i) (12) 

which gives the first step of  the decimation approach of  generating equations of  the form 

fn( i )~l( i  + Fn+l) = rl(i + Fn) + en ( i )~ ( i ) .  (13) 

The power of  this method lies in the fact that in iterating the recursion relations, the decimation function fn 
asymptotically "renormalizes" to zero. This is a numerical observation but also suggested by the appearance of  the 
constant C = 1/)~ < 1 (for the Harper equation) or C = b < 1 (for the standard map) in the function f2. Because 

one can take the trivial conditions f l  = 1 and el = 0, in fn there appears a multiplying constant C F.-1 which tends 
to zero as n -+ 0o. In other words, asymptotically the recursion relation for the decimation function en simplifies 
into 

e~+~ (i) = - e , - i  (i + F , ) e ,  (i)  (14) 

3 The formal similarity of this equation with an eigenvalue problem was already recognized by Bohr [19]. 
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which is the form in the strong coupling limit )~ -+ ~ of  the Harper equation or in the infinite dissipation limit 

b --+ 0 of  the standard map. We can therefore expect the renormalization fixed points in these limits to describe the 

scaling properties of  ~i for the whole )~ or b range. One should also note that because fn vanishes asymptotically, 

the scaling ratio ff is given simply by the asymptotic value of en at the lattice site i = 0. 
In order to  solve for the fixed points, the discrete lattice index i has to be replaced by an equivalent continuous 

variable in the fixed point equation. For the standard map, we can take this to be simply the original variable x of  

Eq. (6) so that the recursion relation becomes 

en+l (X )=  --en- l (hFn(x))en(x) .  (15) 

This equation appeared also in the previous work [8]. However, because there a variant of  the decimation method 
was. applied directly to Eq. (9) and not to Eq. (10), one was left with another nontrivial decimation function for 

positive b. This hindered recognizing the role played by Eq. (15) for finite Jacobians. Because of the universal 

scaling properties of  the reduced circle map h, en (xo) approaches a universal limit which can be obtained in terms 
of  the universal fixed point of  the circle map renormalization without solving e(x)  for arbitrary x [8]. However, 

one has to be careful in the analysis because effectively it means calculating the limit of  ~Fn/b Fn taking both the 
numerator and the denominator to zero (and n to infinity). 

In the case of  the Harper equation, the continuous variable for en is obtained from the fractional part {it} of  i t ,  
x = ( - a ) n { i a } ,  and the resulting fixed point equation 

e*(x) " --e*(a2x + a ) e * ( - - a x )  (16) 

- 0 . 5  

X -  1 
© 

- 1 . 5  

- 2 - z  - 1  o 1 z 
x 

Fig. 1. The renormalization fixed point for the fluctuations of the supercritical Harper equation obtained by solving the expansion of 
1/e(x) up to the order x 23 by the Newton method. The fact that there has to be a singularity (or zero point for i/e) can be seen easily 
from the fixed point equation. The horizontal line shows the value of universal (H. 
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is solved by standard expansion methods [10]. We show this universal function in Fig.  1 which illustrates the 

nontriviality of  the strong coupling fixed point as compared to the trivial weak coupling fixed point [7,9] of  the 

Harper equation. As seen in the plot, the function is smooth and finite almos t  everywhere. 

It is interesting that the above fixed point equation (16) was independently found by Kuznetsov et al. [13] in 

studying the birth of  a strange nonchaotic attractor in a quasiperiodically forced map. In the next section, by using 
a discrete version of  the Prtifer transformation, we relate the Harper equation directly to such a map. 

4. Localization and strange nonchaotic attractors 

The Prtifer substitution [16] that was used to map the continuous Schr6dinger equation to an overdamped, 

quasiperiodically driven oscillator has motivated us to consider a similar transformation also in the discrete case. 

The main idea underlying the continuous transformation is to define new variables p and ot in terms of  the wave 

function 7z = p cos(a)  and its derivative 7 /  = p sin(a) so that one obtains a first-order equation for a where p 
does not appear and where the potential of  the quantum problem appears as a driving term. 

An analogous idea in the case of  the discrete Harper equation would be to set e.g. aPi-i = pi COS(0ti), ~ i  ----- 

Pi sin(a/). In fact, the Harper equation gives trivially a very simple equation for xi = c o t ( a / )  = ~ i - 1 / ~ i  :4 

--1 (17)  
Xi+l Xi -- E + 2)~ cos[2zr(ia + q~)] 

It is clear that higher iterations of  this map generate continuous fraction expansions in terms of  subsequent potential 
terms V(i )  = 2)~ cos[2Jr(icr ÷ 4,)]. The map can also be written in terms of  two variables x and 0: 

--1 
x ' =  f ( x )  = (18) 

x -- E + 2)~ cos(2n'0) ' 

01 = 0 + (r mod 1. : : (19) 

Because the system remains invariant under the transformation x --+ - x ,  0 -+ 0 + 1/2, E --+ - E ,  we can expect 
the attractors to have this symmetry as well. In the following, we study the one-dimensional driven map f and 

verify some of  the conjectures of  Bondeson et al. [15] in the discrete context. Although the transformation:above,is 
extremely simple, it provides a useful tool to study various eigenvalue problems. 

An interesting aspect of  the driven map f is that the absolute value of  its Lyapunov exponent/z forthe eigenvalnes 
E is given by the inverse localization length y of  the Harper equation (here we use the term Lyapunov exponent 

only in the connection of  the driven map although the same term is often used also with the Harper equation as a 
synonym for the inverse localization length). To see this, consider the formula for the Lyapunov exponent, 

1 N-1 ) 
/ Z :  N--+c~lim - - l o g  ( i = l ~ 0 N  [ f ( x i ) [ .  

Because f ' ( x i )  ---- x2+1 and xi = 7ti-1/Tzi; we obtain 

2 
/z = lim - -  1og(~0/~N) ~- --2y,  

N--+ oO N 

(20) 

(21) 

4 A similar transformation has been earlier discussed in literature for random and periodic systems, see e.g. [20]. We would like to thank 
A. Pikovsky for pointing out this reference to us. • 
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Fig. 2. (a) The Lyapunov exponent/z (denoted as Ly in the figure) vs. the parameter E for the map f derived from the Harper equation 
with )~ = 0.5. (b) The corresponding results at .~ = 1. Here the spectrum is characterized by zero Lyapunov exponent. 

which shows the connection to the inverse localization length with the factor 2. Since the localization length of  the 

system is exactly known [17], this is an example of  a system whose Lyapunov exponent is known exactly for the 

values of  E belonging to the spectrum of the eigenvalue problem. 
Fig. 2 shows the numerically obtained Lyapunov exponent/z of  the map as a function of  the "energy" E. Below 

criticality ()~ < 1), the spectrum is singled out by giving rise to zero Lyapunov exponent while this exponent is 

negative and varies with E outside the spectrum. The fact that/z varies nonsmoothly (true also for )~ > 1) as the 
parameter E is taken from the spectrum to its complement could in principle provide one with a new method to 
Calculate the spectrum. In the supercritical region )~ > 1, the Lyapunov exponent is always negative and can be 

obtained from a correspondent subcritical value. This very interesting manifestation of the self-duality of  the Harper 

equation can be written as [2,17] 

/~()~, E) = --21n0~) +/z(1/)~,  E/)~). (22) 

The equation is valid outside the spectrum as well [2]. Fig. 2(b) gives a nice illustration of  the spectrum at the 
critical point ~. = 1, where the spectrum has been conjectured to be singular continuous forming a Cantor set of  

zero measure [2]. 
Fig. 3 shows phase portraits of  the mapping (18-19) below, at and slightly above criticality. In the subcritical 

region with E ---- 0, the extended eigenstate wi th /z  = 0 is described by invariant curves of  the map. There are 
infinitely many such curves depending upon the initial condition for every value of )~. In contrast, a value of E 
outside the spectrum for ~. < 1 corresponds to a single attracting circle. At the onset to localization and beyond 
()~ ___ 1), the invariant curves at E = 0 transform into strange attractors. In particular, the phase portrait obtained 
at criticality for E ---- 0 wi th /z  = 0 shows fractal structure in all scales coming from the self-similarity of  the 
corresponding eigenfunction [7,9]. We conjecture the existence of  an underlying SNA where nearby trajectories 
are attracted not exponentially but with a power law. In particular, in this case the forward and backward attractors 
seem to overlay. However, we cannot totally exclude the possibility that these attractors would fill the whole phase 
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Fig. 3. The phase portraits of the map (18-19): (a) one of the nonattracting invariant circles at L = 0.5 corresponding tothe eigenvalue 
E = 0; (b) nonintersecting attracting circles for forward (lighter dots) and backward iterations (darker dots) within a gap at )~ = 0.5, 
E = 1; (c) and (d) the forward attractors at the critical point )~ = 1 and at )~ = 1.05, respectively (E = 0) . . . . .  

space with an extremely n o n u n i f o r m  invariant  measure.  In the supercrit ical  regime, the negative Lyapunov exponent  

appears to smooth out  the f ragmented  structure of  the attractor. However,  as we will  argue la ter  in this section, the 

attractor is in  fact s trange throughout  the supercrit ical  regime. 

Ano the r  in t r iguing  result  emerg ing  from the dr iven mapp ing  is related to the "homocl in ic"  points  where  the 

forward and  backward  attractors of  the map  intersect  (see Fig:  4). A local ized e igenfunc t ion  can be  chosen to have 

its m a x i m u m  ampl i tude  ( localizat ion center) at i ---- 0 by  tun ing  the phase factor ~b in  the potential  V to the critical 
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Fig. 4. The forward (lighter dots) and backward (darker dots) attractors of the map and the existence of homoclinic points for )~ = 2 
(E = 0). As )~ approaches co, the divergences coincide with the homoclinic points. 

value ~bc [2,7,8]. Such a critical phase factor can be found as one of the homociinic points. Note that according to 

Eq. (21), an attractor of  the map f with negative Lyapunov exponent corresponds to asymptotically diverging ~r i 

with increasing lattice site i. In an analogous way, the backward attractor corresponds to asymptotically diverging 7ri 
with decreasing lattice site i. A practical numerical method to construct an exponentially localized eigenfunction is 

therefore obtained in the following way. The preimages of the homoclinic point under the forward iteration generate 
an asymptotically decaying l~c i for the negative lattice sites. Similarly, an asymptotically localized ~Pi for the positive 
lattice sites is obtained from the preimages of  the homoclinic point under the backward iteration. The resulting ~r i 

is exponentially localized in both directions. 
! n the localized regime with E -- 0, we always find numerically a homoclinic point at 4¥ = 1/4 independently of  

the value of)~ > 1. An infinite number of  other homoclinic points can be obtained as (pre)images of this point under 
the map. However, the phase factor 1/4 seems to cause the largest amplitude of  the eigenfunction to be located 

at i = 0. On the other hand, outside the spectrum the attractors do not have homoclinic points. This can be seen 
explicitly in Fig. 3(b), where the forward and backward iterates of  the map are attracted by different invariant circles 
with no common point. This point of  view brings out the significance of  the critical phase factor in the Harper 
equation which has not been understood in the past. 

The appearance of  the fractal structure and SNA in the localized regime can be easily seen coming down from 
the strong coupling limit ~. -+ ~ assuming E = 0. Here we give a rather crude analysis of  this problem showing 
just the main idea of  the argument: a divergence in the attractor leads to infinitely many such divergences in the 
continued fraction expansion generated by Eq. (17). However, the dynamics of  the map could also be made bounded 
by a suitable Smooth coordinate transformation so that the nondifferentiable smacture in the original attractor would 

appear also in the bounded case. 
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To the first order in 1/)~, the attractor, whose invariant measure is always uniform in 0, can be written as 

- 1  
x(O) = 2)~cos[27r(0 - a)]"  , (23) 

However, the above form suggests a singularity appearing asymptotically as )~ ~ ec at 01 = 1/4 +or. This first-order 
singularity gives rise to higher order singularities which are absent in the above approximation for the attractor. In 
order to see the appearance of the second-order singularity, note that according to Eq. (23), [x (0)1 takes values in the 
interval [1/(2)0, ec) when 0 is varied in [0, 1/2). Thus, it is probable to find 0~ such that x (0~) + 2)~ cos (27r 0~) = 0 
which gives rise to a singularity around 02 = 0~ + cr: Moreover, asymptotically 0~ --+ 01 because the singularity 
around 01 becomes very sharp and the attractor is mostly (as far as the invariant measure is concerned) close to zero 
away from 01 as )~ --> oe. In other words, we have generated a new singularity close to 02 = 1/4 + 2~r. Looking at 
the explicit (asymptotic) equation for 0~, 

4)~ 2 cos(27r0~) cos[27r(0~ - ~)] = 1, (24) 

shows that the second-order singularity is even sharper than the first-order one. Now the same argument can be 
repeated to generate a third-order singularity from the second-order one and so on. Each new singularity is sharper 
than the previous one. Because the measure is uniform in 0, the high order singularities become invisible for a finite 
number of iterations of the map. Asymptotically with ;. --+ ec, the singularities generated in this way appear at 
Om= 1/4 + m a  (m = 1, 2 . . . .  ) and coincide with homoclinic points. For finite )~, their locations move a little bit 
but we still expect them to be dense in 0. Their existence causes the attractor to be nowhere differentiable and to 

have the characteristics of a SNA [11]. 
In summary, the above reasoning provides an argument for the existence of SNA in quasiperiodically driven maps 

given by Eq. (17). 

5. Discussion 

In this paper, we have shown an interesting relationship between the supercritical Harper equation and the 
critical dissipative standard map: the fluctuations in the localized eigenstates of the Harper equation are related 
to the tangent orbit of the standard map where the parameter 1/)~ plays the role of the dissipation parameter b. In 
particular, the strong coupling limit of the Harper equation is analogous to the strong dissipation limit of the standard 
map. Moreover, the new renormalization analysis clarifies the universality of the factor of proportion between the 
smallest slope of the reduced circle map and the effective Jacobian for the ful ! range of the dissipation parameter b. 
This result has important physical and mathematical implications. Firstly, it gives a clear criterion for the transition to 
chaos in higher dimensional systems and in experiments. Secondly, the basin of the attraction of the renormalization 
fixed point of critical analytic Circle maps [5,6] has to be extended to include circle maps with everywhere positive 
slope, which correspond to reduced circle maps of higher dimensional systems at the transition. 

In spite of the similarity of the renormalization analysis, the two problems are quantitatively different due to the 
fact that they are characterized by different universal numbers g. The roots for these two quantitatively different 
universality classes are tied to the fact that the dynamics governing the nonlinear potential in the Harper equation 
is given by the pure rotation while the dynamics of the critical dissipative standard map is highly nontrivial. 

The idea of relating an almost periodic eigenvalue problem to a quasiperiodically driven map has opened new 
possibilities for studying SNA. In this paper, we have shown that the existence of localization in the Harper equation 
is associated with the appearance of homoclinic points in the corresponding map with negative Lyapunov exponent. 
One of the open questions is to relate the SNA seen here with similar attractors in quasiperiodically driven maps 
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studied earl ier  [11,12]. The  mapp ing  f rom l inear-di f ference equat ions  to driven maps  also provides  one  with  a new 

tool  to study local iza t ion  p h e n o m e n a  in condensed  mat ter  physics.  The  exis tence o f  homocl in ic  points  may  serve 

as an important  cr i ter ion for  loca l ized  states in a variety o f  p rob lems  inc luding the F renke l -Kon to rova  mode l  [21]. 

This  approach m a y  also be  useful  in quan tum chaos mode ls  exhibi t ing dynamica l  local iza t ion  [22]. 
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