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Abstract

We characterize the geometrical and topological aspects of a dynamical system by associating a geometric phase w
space trajectory. Unlike Berry’s phase, the path underlying this “anholonomy” isnot in parameter space, but in a projecti
space of the phase space, which directly characterizes the geometry of the trajectories. Using the example of a non-lin
damped oscillator, we show that this phase is resilient to fluctuations, responds toall bifurcations and finds new geometr
transitions. It also provides a new characterization of chaotic trajectories. Enriching the phase space description i
phenomenon of “geometrical localization” which manifests itself as a significant deviation from planar dynamics over
time interval.
 2004 Elsevier B.V. All rights reserved.
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Anholonomy is a phenomenon that arises if a qu
tity fails to recover its original value, when the par
meters on which it depends are varied round a clo
path. First introduced by Berry[1] in quantum me-
chanics as a geometric phase associated with the
function, the universality underlying this concept h
proven to be very useful in a variety of systems[2,3].

In view of the generality and importance of a
holonomy in the quantum context, the analogous qu
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tion, “Is there any anholonomy associated with
generic phase space trajectory?” is clearly of fun
mental importance in classical dynamical systems.
integrable Hamiltonian systems, described in ter
of action angle variables, the anholonomy has b
shown by Hannay[2] to manifest in the angle variab
and corresponds to the semiclassical limit of the Be
phase. For a two-dimensional dissipative dynam
system, the classical analog of Berry’s phase has b
obtained[4] using a circuit inparameter space. In con-
trast, in the present work, we analyze the anholono
of generic dynamical systemsin a broader context
This is similar to another type of general anholono
.
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discussed in the quantum context[5,6], where the cir-
cuit is not in parameter space, but on a project
space.

The first natural question is the anholonomy asso
ated with a closed phase space trajectory. By cons
ing the tangent indicatrix, i.e., the path created by
tip of the unit tangent vector of the phase trajectory,
the surface of a unit sphere (i.e., the projective sp
analog), one can visualize an anholonomy associ
with a non-planar trajectory. As should be clear, t
type of anholonomy directly characterizes the geom
try of the phase trajectory concerned, for a givenfixed
set of parameters. Secondly, in view of the fact that
ideas of geometric phase can also be extended to
cyclic paths[7], this anholonomy provides a uniqu
new characterization of achaotic trajectory as well.

In this Letter, we present for the first time, a form
ism which uses anholonomy to quantify the geome
characteristics of phase space trajectories of sys
exhibiting chaotic dynamics. Our formalism integra
phase space dynamics and its geometrical aspec
including information about the non-planarity of th
trajectory, which is the root cause of the anholono
of the trajectory concerned. We demonstrate that
geometric phase not only responds to all bifurcati
but alsofindsnew geometrical transitions, and obta
several striking results. These includegeometrical res-
onancesthat indicate certain discontinuous change
the geometry of periodic and strange attractors,
associated novel phenomenon ofgeometrical localiza-
tion, and therobustnessof the geometric phase.

Although our formalism can be generalized
higher dimensions, we consider (as an illustrative
ample) a dynamical system described by three fi
order coupled differential equations,

(1)rt = v(r, α), r(t) = (
x(t), y(t), z(t)

)
,

where the subscriptt denotes the time-derivative
(x, y, z) are the variables of the 3D phase space,v is
a given function of these variables, andα is a control
parameter. Driven damped non-linear oscillators, D
fing’s equations for non-linear mechanical vibratio
the Lorenz equations describing 2D convection i
heated fluid, non-linear electronic circuit equatio
etc., are some well-known examples[8] of Eq.(1).

A phase trajectory of the dynamical system
Eq. (1) can be viewed as a space curve generate
the three-dimensional vectorr(t) parametrized by the
-

time t . From Eq.(1), we have|rt | = |v| = v = st , giv-
ing s(t) = ∫

v dt as the arc length on the space cur
Thus the unit tangent vector is given byT = rt /v. In
accordance with the usual formalism[9] for a space
curve, we define the orthogonal right-handed triad
unit vectors(T,N,B), whereN andB denote, respec
tively, the normal and binormal unit vectors on t
curve. The Frenet–Serret (FS) equations can be w
ten in terms of the variablet as

Tt = vκN, Nt = −vκT + vτB,

(2)Bt = −vτN,

where the curvatureκ and the torsionτ are functions
of s and determine the local geometry of the trajectory
It can be shown that[9]

(3)κ = |rt × rt t |/|rt |3,
(4)τ = rt · (rt t × rt t t )/|rt × rt t |2.

Intuitively, the curvature measures the departure of
curve from a straight line, while the torsion measu
its non-planarity.

To understand how the anholonomy of a traject
arises[10], we rewrite Eq.(2) asFt = ξ × F, where
F stands forT, N, or B, andξ = −vκB + vτT. This
shows that as one moves on the trajectoryr(t), the
FS triad(T,N,B) rotates with angular velocitiesvκ

and vτ aroundB and T, respectively. In the(N,B)

plane, we may introduce two orthogonal unit vect
u andw such that the triad(T,u,w) does not rotate
aroundT. This is achieved by using a Fermi–Walk
parallel transport of any vectorP moved along the
curve according toδP/δt = Pt − vκ(B × P). Thus, as
one moves fromt = 0 to t = T , a geometric phas
ΦT = ∫ T

0 vτ dt = ∫
γ (s) τ ds develops between its na

ural frame(N,B) and the “non-rotating frame”(u,w).
The anholonomyΦT can also be interpreted in a
other way: representing the rotation of the triad
ing Euler angles(θ,ϕ,ψ) yields [10] ΦT = 2π −∫

sinθ dθ
∫

dϕ. For a periodic trajectory, the secon
term is just the solid angle subtended by the area
closed by the closed pathγ (s) traced out by the tan
gent indicatrix[9] on the unit sphereS2. The same
result holds good for a non-periodic trajectory as w
since it can always be closed using a geodesic[7] on
the sphere.

As is clear, the anholonomyΦT of a trajectory also
characterizes its non-planarity. Since both periodic
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well as chaotic trajectories occur in general, a mor
useful quantity is the geometric phase per unit tim
defined over a long timeT ,

(5)φT ≡ ΦT

T
= 1

T

T∫

0

vτ dt,

where T is much larger than all the natural tim
scales in the problem.φT as defined above can als
be thought of as the mean angular velocity of the
triad. As we show below, it turns out to be a good or
parameter for both periodic and chaotic trajectories

We now apply this formulation to a driven, dampe
bilinear oscillator[12] characterized by twodifferent
frequenciesω1,2 for positive and negative displac
ments, respectively:

(6)xtt + 2βxt = −ω2
1,2x + f cosωt (β > 0).

This can be written in the form of Eq.(1) by choos-
ing r = (x, y, z) = (x, xt , xtt ). For β = 0, f = 0, the
oscillator has a frequencyωbl = 2ω1ω2/(ω1 + ω2).
The system is piecewise linear, and analytic soluti
can be obtained forx > 0 and x < 0. The discon-
tinuity at the origin makes it essentially non-line
α = ω2/ω1 being the non-linearity parameter. Wit
out loss of generality, we choose the units oft andx

such thatω = 1 andf = 1. The two key control para
meters are thenω1 andω2, or, equivalently,α andω1.
The results to be presented are for fixedω1 = 1.5, al-
though we have investigated the full two-dimensio
parameter space[11]. For alinear damped driven os
cillator (ω1 = ω2), it is easy to show thatτ calculated
using Eq.(4) is identically zero, and hence the attracto
is a planar limit cycle, with vanishing anholonomy,
seen from Eq.(5). This implies thatnon-linearityis in
fact necessaryfor a non-vanishing anholonomy here

Our numerical routine uses the analytical solution
for x(t) in each half of the phase space. Starting w
an initial statex > 0, xt = 0 we use very small time
increments to determine precisely the time and the
locity whenx reaches 0. These are used as the new
tial conditions for dynamics in the regionx < 0 with
oscillator frequencyω2, and the process is repeate
The availability of an analytic solution is particular
useful for computing the torsion of the phase traj
tory using Eq.(4).

We have carried out a detailed exploration[11] of
the system in the parameter space, and calculate
local phase space variablex, the local geometric vari
ableτ , the long-time average anholonomyφT , as well
asφ1, the average anholonomy over asingleperiod of
the driving force.

The bilinear oscillator exhibits period-doubling
transitions, followed by chaotic dynamics which
reflected byφ1 in addition to phase space variable
A close look atFig. 1 shows that all changes in th
attractor in phase space are reflected inφT as well, ei-
ther as a discontinuity inφT or as a change in its slop
∂φT /∂α. For example, atα = 2/3 (ω2 = 1) andα ≈
4.25 there is a sudden change in the Poincaré ploxn

(due to coexisting attractors changing their basin of
traction) which is accompanied by a jump inφT . A se-
quence of period-doublings atα ≈ 3.4,4.25,4.7 . . . as
well as a resonance atα ≈ 2.0, whereωbl = ω, are
accompanied by changes in∂φT /∂α.

A striking feature is the emergence of a series
newgeometrictransitions of the attractor that are n
captured by the standard bifurcation diagram forxn,
the Poincaré points forx. While xn varies smoothly
φ1 andφT show a jump atα ≈ 1.25, 3.0, 3.4, remi-
niscent of a first-order phase transition. In contras
α ≈ 0.61,xn andφT are both continuous, but∂φT /∂α

Fig. 1. Bifurcations and geometrical resonances: the attracto
Poincaré pointsxn and the geometric phase factorsφ1 andφT as
the non-linearity parameterα is varied. Plots forα > 1 andα < 1
are shown separately to highlight the differences in the magni
of the anholonomy.
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has a jump, reminiscent of a second-order phase t
sition. These transitions are robust, as the thres
parameter values for both first and second order t
sitions lie on a smooth one-dimensional curve in tw
dimensional parameter space[11]. Based on our de
tailed numerical studies, there is ample justification
regardingφT as an order parameter for such geome
transitions.

The first order transitions result in a discontinuo
change inφ1 by ω (which is set to unity here) in onl
one of the branches ofxn. As a result, we see discon
tinuities in φT by exactly 1/n, wheren is the period
of the attractor in units of 2π/ω. Therefore, the dis
continuities inφT correspond to a full rotation of th
FS triad by 2π in a full period of the driving force
These transitions can thus be viewed as a reson
effect between the average rotation frequency of
FS triad and the driving frequency. Higher order r
onances where the FS triad rotates by 2πm (m = any
integer) were also frequently observed[11] for α < 1.
In the neighborhood of a second-order transition,
mean anholonomy is very large as the FS triad e
cutes many rotations (not necessarily an integer n
ber) during one period of the driving. Such sudd
responses in the geometry of the trajectories that
not captured by usual bifurcation diagrams will be
ferred to asgeometrical resonances(GR).

Further insight into these intriguing phenomena c
be gained by studying the local dynamics of both
phase space and geometrical variables as show
Fig. 2. As we discuss below, the key to the various
fects is the localization characteristics underlying
torsionτ , which we will refer to as theτ -mode. We
first discuss the dynamics near the first-order tra
tion, given on the left inFig. 2. An interesting aspec
is thetemporal localizationof theτ -mode correspond
ing to large geometrical changes in very short ti
intervals, as the non-linearity increases fromα = 1.1.
At a critical parameter value, it becomes aδ-function
and thenflips, i.e., the localizedτ changes its sign
after which theτ -dynamics that was “bi-directional
(i.e.,τ had both signs) becomes “unidirectional”, wi
the FS triad rotating in one direction alone, as can
inferred from the figure. The geometrical transition a
pears to be linked to subtle changes in the dynam
Here the local curvature vanishes asrt andrt t become
collinear. In terms of phase space variables, the fo
and its two derivatives are very small and the part
is subjected to a small constant force for a long ti
interval.

One of the interesting aspects of a first-order
transition is the fact that it is often associated with
period-doubling bifurcation; in that case it is a “twin
transition, where a jump inφ1 before period-doubling
is always accompanied by another jump (of identi
magnitude but opposite sign) inφ1 after the period-
doubling. The twin aspect of the GR was seen throu
out the two-dimensional parameter space, and ma
universal.

In contrast to the first-order case, the dynam
near a second-order transition corresponds to an
hancement in the localization length of theτ -mode,
as described on the right inFig. 2. In addition to this
delocalization, the mode also becomes predomina
unidirectional (positiveτ ) due to the disappearance
the strongly localized (negative)τ . After this stage, the
mode becomes bi-directional again. In view of the
sence of “flipping”,φT remains continuous, while it
derivative exhibits a discontinuity.

Fig. 2. Geometrical localization near first-order (left) and sec
ond-order (right) geometrical transitions. Time series forτ (thick
lines) andx (dashed lines; fullx-scale not shown), shown over on
driving cycle. The horizontal line corresponds tox = 0. Unlike x

andxt , τ is sensitive to the discontinuity in the acceleration atx = 0.
From top to bottom: on the left,α = 1.1, 1.2, 1.25, 1.3; on the righ
α = 0.66, 0.62, 0.61, 0.59.
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Localization ofτ implies that the non-planarity o
the attractor is significant only in short intervals
time. This non-linearity-induced localization of th
geometrical variables when the phase space varia
continue to exhibit oscillatory dynamics is an intere
ing new phenomenon that we will refer to asgeomet-
rical localization. In addition to their existence nea
GRs, localizedτ -modes are seen frequently as sudd
seemingly random bursts in the chaotic time serie
clearly seen inFig. 3. They are tied to very subtl
changes in the dynamics associated with the der
tives ofx.

We had stated earlier thatφT is an appropriate or
der parameter even for dynamics on a chaotic attra
This is borne out by the fact thatφT converges to a
well-defined asymptotic value for very large sampli
timest , as shown inFig. 4.

The average anholonomy fluctuates before c
verging to a fixed value, reminiscent of the critic
fluctuations of an order parameter near a thermo
namic phase transition. The fact thatφT converges to
a unique asymptotic limit even for chaotic trajector
establishes the resilient aspect of the geometric p
in the classical bilinear oscillator. Thistolerance to
fluctuationsmay be a universal characteristic of ge
metric phases in both quantum and classical syst

Fig. 3. Time series forτ (thick line) andx (thin line) in the chaotic
state forα = 5. The middle and the bottom plots show the blowu
which has led to the exciting possibility of geomet
quantum computation[13].

It is interesting to note that, by defining a compl
vector M = (N + iB)/

√
2, a short calculation usin

the FS equations(2) shows that theclassicalgeomet-
ric phaseΦT = ∫

Γ (s) τ ds = i
∫
Γ (s) M∗ · Ms ds. This

expression has exactly the same form as thequantum
geometric phase found by Berry[1], when the classi
cal vectorM is replaced by a quantum state|n(R)〉.
This is a remarkable result and complements Ehe
fest’s theorem. In view of the general robustness of
geometric phase, our formalism that uses anholon
may provide an alternative formulation for studyi
the classical-quantum correspondence.

In summary, our space curve formulation of d
namical systems using the FS equations associa
geometrical phase factor with non-planar trajecto
of the systems. This adds geometrical features to
usual phase space description of the complex dyn
ics of classically chaotic systems. Non-planarity
the attractor is related to anholonomy, which, in tu
is shown to be an appropriate robust order para
ter that characterizes the geometry of the attract
Adding to the richness of the bifurcation diagram is
prediction of first and second-order transitions in

Fig. 4. Convergence ofφT for the attractor (i.e., larget) for various
values ofα in the periodic (left) and chaotic (right) dynamics. T
two curves in each of the plots on the left showφT before and after
GRs, respectively.
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geometry of the attractor. These transitions are rel
to the localization characteristics of the torsion. T
suggests the novel concept of geometrical localiza
near a transition, which emerges due to the fact
significant deviation from planar dynamics exists o
over small time intervals. We thus relate non-linea
not only to anholonomy but also to localization.

Anholonomy as well as geometrical localization
discussed here has its roots in non-linearity. In v
of this, we believe that several of the features in
geometric description of the bilinear oscillator may
generic. This view is further supported by the fact t
novel geometrical phenomena were seen throug
the two-dimensional parameter space[11], and also
for other choices of phase space variables such asr =
(x, xt , t) and(x, xt ,cosωt). Finally, we would like to
point out that anholonomy associated with param
ric circuits can be incorporated in our formulation by
considering FS equations for moving space curves[3].
It can also be extended toD � 4. For instance, whe
D = 4, the anholonomy can be found from the e
pression for the angular velocity of a tetrad that c
be appropriately defined for the system. We hope
our study will stimulate a new line of research rel
ing geometry and dynamics in non-integrable syste
in general.

Note added

Since the original submission of this manuscr
we have reformulated the derivation of the geome
phase of a trajectory by invoking the concept of gau
invariance, analogous to the corresponding form
tion in a quantum system[6]. The details of this for-
mulation as well as its application to many other no
linear systems including the Duffing equation and
Lorentz equations will be discussed elsewhere[14].
We would like to mention that for non-periodic traje
tories, the gauge invariant geometric phase can be
in a form slightly different from the geometric pha
introduced here.
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