
153 CHAPTER 3 

Theory of Angular Momentum 

This chapter is concerned with a systematic treatment of angular momen-
tum and related topics. The importance of angular momentum in modern 
physics can hardly be overemphasized. A thorough understanding of angu-
lar momentum is essential in molecular, atomic, and nuclear spectroscopy; 
angular-momentum considerations play an important role in scattering and 
collision problems as well as in bound-state problems. Furthermore, angu-
lar-momentum concepts have important generalizations-isospin in nuclear 
physics, SU(3), SU(2)® U(l) in particle physics, and so forth. 

3.1.  ROTATIONS AND ANGULAR MOMENTUM 
COMMUTATION RELATIONS 

Finite Versus Infinitesimal Rotations 

We recall from elementary physics that rotations about the same axis 
commute, whereas rotations about different axes do not. For instance, a 30° 
rotation about the z-axis followed by a 60° rotation about the same z-axis is 
obviously equivalent to a 60° rotation followed by a 30° rotation, both 
about the same axis. However, let us consider a 90° rotation about the 
z-axis, denoted by R z( '7T/2), followed by a 90° rotation about the x-axis, 
denoted by R x< '7T/2); compare this with a 90° rotation about the x-axis 
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followed by a 90° rotation about the z-axis. The net results are different, as 
we can see from Figure 3.1. 

Our first basic task is to work out quantitatively the manner in which 
rotations about different axes fail to commute. To this end, we first recall 
how to represent rotations in three dimensions by 3 X 3 real, orthogonal 
matrices. Consider a vector V with components Vx ' VY ' and When we 
rotate, the three components become some other set of numbers, V;, V;, 
and Vz'. The old and new components are related via a 3 X 3 orthogonal 
matrix R: 

V'X Vx 
V' R Vy I,  (3.1.1a)y 

V'z 

RRT = RTR =1,  (3.1.1b) 

where the superscript T stands for a transpose of a matrix. It is a property 
of orthogonal matrices that 

/2 + V /2 + V /2vV 2 + V2y + Vz 2 =IV y  (3.1.2)x Vx z 

is automatically satisfied. 
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FIGURE 3.1. Example to illustrate the noncommutativity of finite rotations. 
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To be definite, we consider a rotation about the z-axis by angle 
The convention we follow throughout this book is that a rotation opeptifl": 
affects a physical system itself, as in Figure 3.1, while the coordinate 
remain unchanged. The angle </> is taken to be positive when the rotation in 
question is counterclockwise in the xy-plane, as viewed from the positi 
z-side. If we associate a right-handed screw with such a rotation, a 
</> rotation around the z-axis means that the screw is advancing 
positive z-direction. With this convention, we easily verify that 

cos</> -sin</> 
R z (</»= cos</>

( o 
Had we adopted a different convention, in which a physical system reo 
mained fixed but the coordinate axes rotated, this same matrix with a 
positive </> would have represented a clockwise rotation of the x- and y-axes, 
when viewed from the positive z-side. It is obviously important not to mix 
the two conventions! Some authors distinguish the two approaches by using 
"active rotations" for physical systems rotated and "passive rotations" for 
the coordinate axes rotated. 

We are particularly interested in an infinitesimal form of R z : 

2 
1--e -e 0 

2 
Rz(e) = I 

e 1--e
2 

02 
0 0 1 

where terms of order e3 and higher are ignored. Likewise, we have 

1 0 0 

1-- -e 
RxCe) = I0 

e
2 

2 

2 

0 e 1--e
2 

and 

e2 
1-- 0 e 

2 
Ry(e) = I 0 1 0 I, (3.1.5b) 

2 

-e 0 1--e
2 

which may be read from (3.1.4) by cyclic permutations of x, y, z-that is, 
x y, y z, z x. Compare now the effect of a y-axis rotation followed 
by an x-axis rotation with that of an x-axis rotation followed by a y-axis 
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fl1llll iOIl. Elementary matrix manipulations lead to 

1--e
2 

0 e2 
2 (3.1.6a)RxCe)Ry(e) = I 2 e e 1-- -e

2 
-e e 1- e2 

2 
21--e e e2 

2 (3.1.6b)Ry(e)Rx(e) = I e
0 1-- -e 

2 
-e e 1- e2 

hOIll (3.1.6a) and (3.1.6b) we have the first important result: Infinitesimal 
IlIlations about different axes do commute if terms of order e2 and higher 
11Il' ignored.* The second and even more important result concerns the 
1I111111lCr in which rotations about different axes fail to commute when terms 
III' urdcr e2 are kept: 

R.(,)R,(')- R,(,)R,(') ( o 
- e

o 

2 

= R z ( e2 )-I, (3.1.7) 

where all terms of order higher than e2 have been ignored throughout this 
dnivation. We also have 

1 = Rany(O) (3.1.8) 

wherc any stands for any rotation axis. Thus the final result can be written 
liS 

RxCe)Ry(e)-Ry(e)RxCe) 
. 

= Rz(e 2 )-Rany(O). (3.1.9) 
. 

Ihis is an example of the commutation relations between rotation oper-
ations about different axes, which we will use later in deducing the angular-
IIHllI1Cntum commutation relations in quantum mechanics. 

+Actually thcrc is a familiar example of this in elementary mechanics. The angular velocity 
\"','Ior w that characterizes an infinitesimal change in rotation angle during an infinitesimal 
IIIIll" interval follows the usual rule of vector addition, including commutativity of vector 
"ddilion. llowcvcr, we cannot ascribe a vectorial property to ajinite angular change. 
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Infinitesimal Rotations in Quantum Mechanics 

So far we have not used quantum-mechanical concepts. The matrix 
R is just a 3 X 3 orthogonal matrix acting on a vector V written in column 
matrix form. We must now understand how to characterize rotations in 
quantum mechanics. 

Because rotations affect physical systems, the state ket corresponding 
to a rotated system is expected to look different from the state ket corre-
sponding to the original unrotated system. Given a rotation operation R, 
characterized by a 3 X 3 orthogonal matrix R, we associate an operator 

in the appropriate ket space such that 

R) (3.1 

where IO:)R and 10:) stand for the kets of the rotated and original system, 
respectively.* Note that the 3 X 3 orthogonal matrix R acts on a column 
matrix made up of the three components of a classical vector, while the 
operator PIJ (R) acts on state vectors in ket space. The matrix representation 
of PIJ(R), which we will study in great detail in the subsequent sections, 
depends on the dimension1!:!ity N of the For 

_ N = 2, fo!.,..descrihing a spin t system with no other degrees of 
freedom, is represented by a 2x2 matrix; for a spin 1 system, the 
appropriate representation is a 3 X 3 unitary matrix, and so on. 

To construct the rotation operator it is again fruitful to 
examine first its properties under an infinitesimal rotation. We can almost 
guess how we must proceed by analogy. In both translations and time 
evolution, which we studied in Sections 1.6 and 2.1, respectively, the 
appropriate infinitesimal operators could be written as 

U. I-iGe (3.1.11) 

with a Hermitian operator G. Specifically, 

E -'> dx' (3.1.12)G-'>Ii' 

for an infinitesimal translation by a displacement dx' in the x-direction, 
and 

H 
E -'> dtG-'>Ii' 

for an infinitesimal time evolution with time displacement dt. We know 
from classical mechanics that angular momentum is the generator of rota-
tion in much the same way as momentum and Hamiltonian are the 
generators of translation and time evolution, respectively. We therefore 
define the angular momentum operator Jk in such a way that the operator 
for an infinitesimal rotation around the kth axis by angle dq, can be 
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(lotained by letting 
JkG-'> - E-'>Ii ' 

in (3.1.11). With Jk taken to be Hermitian, the infinitesimal rotation 
operator is guaranteed to be unitary and reduces to the identity operator in 
the limit dq, -'> O. More generally, we have 

PIJ(ii, dq,) = 1- i (hJon) dq, (3.1.15) 

for a rotation about the direction characterized by a unit vector it by an 
infinitesimal angle dq,. 

We stress that in this book we do not define the angular-momentum 
operator to be x X p. This is important because spin angular momentum, to 
which our general formalism also applies, has nothing to do with Xi and 
IJut in another way, in classical mechanics one can prove that the angular 
momentum defined to be x X p is the generator of a rotation; in contrast, in 
4l1antum mechanics we define J so that the operator for an infinitesimal 
rotation takes form (3.1.15). 

A finite rotation can be obtained by compounding successively 
inlinitesimal rotations about the same axis. For instance, if we are interested 
in a finite rotation about the z-axis by angle q" we consider 

IPlJz(q, ) = [ i ( ) ( t)r 
=1- iJzq,

Ii - 21i2 + ... (3.1 

In order to obtain the angular-momentum commutation relations, we 
need one more concept. As we remarked earlier, for every rotation R 
represented by a 3 X 3 orthogonal matrix R there exists a rotation operator 
!7)(R) in the appropriate ket space. We further postulate that PIJ(R) has the 

group properties as R: 

Identity: R·1 R=;oPIJ(R)·l (3.1.17a) 
Closure: RIR2 = R3 =;0 = PIJ(R]) (3.1.17b) 
Inverses: RR- 1 l=;oPIJ(R)PlJl(R)=l 

R-1R =1 =;0 PIJ-1(R)PIJ(R) =1 

Associativity: R1(R 2 R 3 ) = (R)R2)R3 = R)R2 R 3 (3.l.17d) 
=> PIJ(R1)[PIJ(R 2)PIJ(R )]3 

= [PIJ(R)PIJ(R 2 )]PIJ(R )3 

Oi)( R. )(jJ( R )(jJ( R,) 
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Let us noW return to the fundamental commutation relations for 
rotation operations (3.1.9) written in terms of the R matrices. Its rotation 
operator analogue would read 2 2  

iJxe J;e2) ( ifye Jye ) 1 --- 1----
( Ii 21i2 , Ii 21i2 

y Jy2 x E I zE __ if'___ 13 '_e2 )(1 -J22)'J=1---1.2 (3.1.18) 

non-

Ii 21i2 21i2 Ii 
2  

Terms of order 13 automatically drop out. Equating terms of order 13 on  
both sides of (3.1.18), we obtain 

[J , J ] iIiJ,. (3.1.19)x y
Repeating this kind of argument with rotations about other axes, we obtain 

{JpJ ] ilieijkJk' (3.1.20)
j 

known as the fundamental commutation relations of angular momentum. 
In general, when the generators of infinitesimal transformations do  

not commute, the corresponding group of operations is said to be  
Abelian. Because of (3.1.20), the rotation group in three dimensions is  
non-Abelian. In contrast, the translation group in three dimensions is  
Abelian because Pi and Pj commute even with i'* j.

We emphasize that in obtaining the commutation relations (3.1.20) 
we have used the following two concepts: 

1. J is the generator of rotation about the kth axis. 
k2. Rotations about different axes fail to commute. 

It is no exaggeration to say that commutation relations (3.1,20) summarize 
in a compact manner all the basic properties of rotations in three dimen-

sions. 

3.2. SPIN 1- SYSTEMS AND FINITE ROTATIONS 

Rotation Operator for Spin! 
The lowest number, N, of dimensions in which the angular-momen-

tum commutation relations (3.1.20) are realized, is N = 2. The reader has 
already checked in Problem 8 of Chapter 1 that the operators defined by 

Sx=(%I{(I+)(-O+<I-)(+O}, 
(3.2.1)

Sy (i; {- (I+ ) ( - \) + ( \ - ) ( + \)} , 
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satisfy commutation relations (3.1.20) with replaced by Sk' It is not Jk 
a priori obvious that nature takes advantage of the lowest dimensional 
realization of (3.1.20), but numerous experiments-from atomic spec-
troscopy to nuclear magnetic resonance-suffice to convince us that this is 
in fact the case. 

Consider a rotation by a finite angle cp about the z-axis. If the ket of 
a spin t system before rotation is given by la), the ket after rotation is 
given by 

la)R = &&z ( cp ) la) (3.2.2) 
with 

- iSzCP )&&.(cp)=exp -li- . (3.2.3)( 
To see that this operator really rotates the physical system, let us look at its 
effect on (Sx)' Under rotation this expectation value changes as follows: 

(Sx) -') R( alSxlah = (al&&1( cp) Sx&&z (cp) la). (3.2.4) 
We must therefore compute 

iSzcp ) (iSzCP ) ( )exp( h Sxexp -li- . 3.2.5 

For pedagogical reasons we evaluate this in two different ways. 
Derivation 1: Here we use the specific form of Sx given by (3.2.1). We 

then obtain for (3.2.5) 
iScp )

( )exp( +'>(-I)+(I-)(+I)}expl T 
= + )( -lei</>/2 + e- i</>/21 )( + 

• ! 

= [ { ( 1+ ) ( I) + ( 1- ) ( + \) } cos cp + i { ( 1+ ) ( - I) - (1- ) ( + I)} sin cp ] 

= Sxcos cp - SI,sincp. (3.2.6) 
Derivation 2: Alternatively we may use formula (2.3.47) to evaluate 

(3.2.5): 

(exp ) ( 
- iSzcp ) ( icpSxexp -li- = Sx + h [Sz, SJ 

iliSv 

( 1 )(iCP)2 (1) (iCP)3+ 2! h + 3! h ... 
,1i2Sx _ 

1i 2Sx ili 3Sy 

= S[1 cp2 + ... ] _S[A,. _ cp3 + ... ] 
x 2! y '1' 3! 

= Sxcoscp - S:vsincp. (3.2.7) 
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(3.2.9) 

(3.2.10) 

(3.2.11) 

(3.2.12) 

Notice that in derivation 2 we used only the commutation relations for Si' 
so this method can be generalized to rotations of systems with angular 

momentum higher than  
For spin both methods give  

(Sx) -+ R(aISx\a)R = (Sx)cosq, (Sy)sinCP, 

where the expectation value without subscripts is understood to be taken  
with respect to the (old) unrotated system. Similarly,  

(Sy) -+ (Sy)cosCP + (S,)sinq,. 

As for the expectation value of Sz' there is no change because Sz commutes 

with .@.(q,): (S.) -+ (S.). 

Relations (3.2.8), (3.2.9), and (3.2.10) are quite reasonable. They show that  
rotation operator (3.2.3), when applied to the state ket, does rotate the  
expectation value of S around the z-axis by angle q,. In other words, the  
expectation value of the spin operator behaves as though it were a classical  

vector under rotation: 
(Sk) -+ 'ERk,(S,), 

I 

where Rkl are the elements of the 3 X 3 orthogonal matrix R that specifies  
the rotation in question. It should be clear from our derivation 2 that this  
property is not restricted to the spin operator of spin systems. In general,  

we have Uk) -+ 'ERk/(J1) ,  
under rotation, where J are the generators of rotations satisfying the 

k 
angular-momentum commutation relations (3.1.20). Later we will show that 
relations of this kind can be further generalized to any vector operator. 

So far everything has been as expected. But now, be prepared for a 
surprisel We examine the effect of rotation operator (3.2.3) on a general ket, 

la) = \+)( + la) + \- >( -[a), (3.2.13) 

a little more closely. We see that 

ex ( - i;zq,) [a) = e-i<P/2\+)( + la) + pi<P/2\_)( -la). (3.2.14) 
p 

The appearance of the half-angle cp/2 here has an extremely interesting 

consequence.
Let us consider a rotation by 2'17. We then have 

(3.2.15)
\a) ft -+ -la). 

.1.2. Spin! Systems and Finite Rotations 

So the ket for the 3600 rotated state differs from the original ket by a minus 
sign. We would need a 7200 (CP = 4'17) rotation to get back to the same ket 
with a plus sign. Notice that this minus sign disappears for the expectation 
value of S because S is sandwiched by la) and (ai, both of which change 
sign. Will this minus sign ever be observable? We will give the answer to this 
interesting question after we discuss spin precession once again. 

Spin Precession Revisited 

We now treat the problem of spin precession, already discussed in 
Section 2.1, from a new point of view. We recall that the basic Hamiltonian 
of the problem is given by 

wSz, (3.2.16)mec 
where 

B w::= (3.2.17) 
mec 

The time-evolution operator based on this Hamiltonian is given by 

iHt ) (iSzWI )'B! (1,0) = exp exp Ii .( 

Comparing this equation with (3.2.3), we see that the time-evolution oper-
ator here is precisely the same as the rotation operator in (3.2.3) with cP set 
equal to wi. In this manner we see immediately why this Hamiltonian 
causes spin precession. Paraphrasing (3.2.8), (3.2.9), and (3.2.10), we obtain 

(Sx)/ = (Sv)t=osinwt, (3.2.19a) 

(Sy)/ = + (Sx),=osinwt, (3.2.19b) 

(S,), = (3.2.19c) 

After t 2'17/w, the spin returns to its original direction. 
This set of equations can be used to discuss the spin precession of a 

muon, an electronlike particle which, however, is 210 times as heavy. The 
muon magnetic moment can be determined from other experiments--for 
example, the hyperfine splitting in muonium, a bound state of a positive muon 
and an electron-to be ehI2m",c, just as expected from Dirac's relativistic 
theory of spin! particles. (We will here neglect very small corrections that 
arise from quantum field theory effects). Knowing the magnetic moment we 
can predict the angular frequency of precession. So (3.2.19) can be and, in 
fact, has been checked experimentally. In practice, as the external magnetic 
field causes spin precession, the spin direction is analyzed by taking advantage 
of the fact that electrons from muon decay tend to be emitted preferentially 
in the direction opposite to the muon spin. 
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Let us now look at the time evolution of the state ket . 
Assuming that the initial (t = 0) ket is given by (3.2.13), we obtain 
timet 

la, to = 0; t) e- iwt / 2 1+)< + la) + e+ iwt
/ 

2 1_)< -\a). 
Expression (3.2.20) acquires a minus sign at t 2'11/w, and we must  
until t 4'11/w to get back to the original state ket with the same sign.  
sum up, the period for the state ket is twice as long as the period for  
precession 2'11 

'Tprecession W 

4'11 
'Tstatc ket - W 

Neutron Interferometry Experiment to Study 2'IT Rotations 

We now describe an experiment performed to detect the minus sign 
in (3.2.15). Quite clearly, if every state ket in the universe is multiplied by 
minus sign, there will be no observable effect. The only way to detect the 
predicted minus sign is to make a comparison between an unrotated 
and a rotated state. As in gravity-induced quantum interference, discussed 
in Section 2.6, we rely on the art of neutron interferometry to verify 
extraordinary prediction of quantum mechanics. 

A nearly monoenergetic beam of thermal neutrons is split into 
parts-path A and path B; see Figure 3.2. Path A always goes through a 
magnetic-field-free region; in contrast, path B enters a small region where a 
static magnetic field is present. As a result, the neutron state ket going via. 
path B suffers a phase change e iwT/2, where T is the time spent in the 
B =1= 0 region and w is the spin-precession frequency 

eBgn ( )w= --, g "" 1.91 mpc n 

for the neutron with a magnetic moment of gneli/2mpc, as we can see if we 

Interference 
region 

I1TfC.1IRF '\.2. Exocriment to study the predicted minus sign under a 2", rotation, 
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compare this with (3.2.17), which is appropriate for the electron with 
magnetic moment eli /2m eC' When path A and path B meet again in the 
InLerference region of Figure 3.2, the amplitude of the neutron arriving via 
puth B is 

iwT/2c2 =cz(B= e (3.2.23) 

while the amplitude of the neutron arriving via path A is C t , independent of 
D. So the intensity observable in the interference region must exhibit a 
Ninusoidal variation 

"+ wT )cos -2-+8 , (3.2.24)( 

where Ci is the phase difference between C1 and c2 (B 0). In practice, 
time spent in the B =1= 0 region, is fixed but the precession frequency w is 

vllried by changing the strength of the magnetic field. The intensity in the 
Interference region as a function of B is predicted to have a sinusoidal 
v"riation. If we call t:.B the difference in B needed to produce successive 
maxima, we can easily show that 

t:.B 4 '11 lic (3.2.25)
egnAI' 

where I is the path length. 
In deriving this formula we used the fact that a 4'11 rotation is needed 

ror the state ket to return to the original ket with the same sign, as required 
hy our formalism. If, on the other hand, our description of spin t systems 
were incorrect and the ket were to return to its original ket with the same 
Nign under a 2'11 rotation, the predicted value for t:.B would be just one-half 
of (3.2.25). 

Two different groups have conclusively demonstrated experimentally 
prediction (3.2.25) is correct to an accuracy of a fraction of a percent. * 

This is another triumph of quantum mechanics. The nontrivial prediction 
(12.15) has been experimentally established in a direct manner. 

Pauli Two-Component Formalism 

Manipulations with the state kets of spin t systems can be conven-
carried out using the two-component spinor formalism introduced by 

W. Pauli in 1926. In Section 1.3 we learned how a ket (bra) can be 
represented by a column (row) matrix; all we have to do is arrange the 
"xpansion coefficients in terms of a certain specified set of base kets into a 

-II. Rauch et aI., Phys. Leu. S4A, 425 (1975); S. A. Werner et aI., Phys. Rev. Lett. 3S 
(1 1m), 1053. 
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column (row) matrix. In the spin case we have 

10)1+) == X+ -) == \ 1 == x-
(+ 1== (1,0) = xtj- ( 1=(0,1) 

for the base kets and bras and 

= 1+)( + 10:) + 1-)( -10:) = ( + ) 

and 
( 0:1 ( 0:1 + ) ( + 1+ ( 0:1- ) ( - I== « 0:1 + ), (0:1- ) ) 

for an arbitrary state ket and the corresponding state bra. Column 
(3.2.27a) is referred to as a two-component spinor and is written as 

( + 10:) ) == (c + ) 
X ( (10:) c 

c+ X+ + c_x_, 
where c+ and c_ are, in general, complex numbers. For xt we have 

= «0:1+),(0:1-»= 
The matrix elements (± ISkl+) and (± ISkl-), apart from Ii12, 

to be set equal to those of 2 x 2 matrices ak' known as the Pauli 01<1....; ..010 

We identify 

We can now write the expectation value (Sk) in terms of X and O'k: 

(Sk) = (o:ISklo:) = L L (o:la')(a'ISkla")(a"lo:) 
a'= +, a" +, 

Ii )= \I 2" XtakX, 

where the usual rule of matrix multiplication is used in the 
Explicitly, we see from (3.2.1) together with (3.2.30) that 

( 0 1) a2 (0 -i) (1 0)alI 0' = i 0' 0'3 = \ 0 1 

where the subscripts 1, 2, and 3 refer to x, y, and z, respectively. 
We record some properties of the Pauli matrices. First, 

a/ =1 
aiO'j+ O'jO'i = 0, for i *" j, 

where the right-hand side of (3.2.33a) is to be understood as the 2 X 2 
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tity matrix. These two relations are, of course, equivalent to the 
I:ommutation relations 

{ai' O'j} = 2l)ij' (3.2.34) 
!llso have the commutation relations 

[ai' O'j] = 2i£ijkak> ( 3.2.35)  
ell we see to be the explicit 2 x 2 matrix realizations of the angular- 

tum commutation relations (3.1.20). Combining (3.2.34) and (3.2.35),  
I:un obtain 

at0'2 = 0'20' 1 = i 0'3 •••• (3.2.36) 

0'/ at, (3.2.37a)  
det( 0'; ) = 1, (3.2.37b)  
Tr( O'J O. (3.2.37c)  

We now consider aoa, where a is a vector in three dimensions. This is  
IWtuully to be understood as a 2x2 matrix. Thus  

aoa == LakO'k  
k 

+ a 3 a 1 ia 2 ). (3.2.38)= ( a + ia -1 2 a 3 

'There is also a very important identity, 
(aoa)( aob) = a·b+ jao(aXb). (3.2.39) 

prove this all we need are the anticommutation and commutation 
rdutions, (3.2.34) and (3.2.35), respectively: 

LO'jajLakbk = L L (-21 {O'j' O'd + } [O'j' ak1) ajbk 
j k j k 

= L L (l)jk + i£jkla,) ajbk 
j k 

= aob+ jao(axb). (3.2.40) 
If the components of a are real, we have 

(a·a)2=laI 2, (3.2.41) 
where lal is the magnitude of the vector a. 

Rotations in the Two-Component Formalism 

Let us now study the 2 x 2 matrix representation of the rotation 
operator §J(n, ef». We have 

( -is.nef>)..!.. (-la'fief»exp Ii - exp 2 . (3.2.42) 
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Using  
{I for n even,  

(ooit) n = ooit for n odd, 

which follows from (3.2.41), we can write 

exp( Hl- (a/ (H_.. j 
(  + ... ) -i 

= lCOS( ) - iooitSin( ). 

Explicitly, in 2 X 2 form we have 

</» . . (</» ( in x n y) sin( i ) \ -"2 -mzsm "2io 0 

(- in", + ny)sin( i) )+inzsin(i) J 

Just as the operator exp( - iSoit</>/h) acts on a state ket  
matrix exp( io o it</>/2) acts on a two-component spinor x· Under rotations  
we change X as follows:  

0 

x - exp ( to it</> )2 x· 

On the other hand, the (fk'S themselves are to remain unchanged  
rotations. So strictly speaking, despite its appearance, 0 is  
regarded as a vector; rather, it is XtOX which obeys the transformation  
property of a vector: 

Xt(fkX - L,RktXt(ftX' 
t 

An explicit proof of this may be given using 

= (flCOS</>-

and so on, which is the 2 X 2 matrix analogue of (3.2.6).  

i(ft) 

(3.2 

10:)' the 2x2 

not to be 

II 
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In discussing a 2'IT rotation using the ket formalism, we have seen 
a spin t ket 10:) goes into - Ia). The 2 X 2 analogue of this statement is 

0 - io it</> ) Iexp( 2 1, for any it, (3.2.49) 

which is evident from (3.2.44). 
As an instructive application of rotation matrix (3.2.45), let us see 

how we can construct an eigenspinor of ooit with eigenvalue +1, where it is 
unit vector in some specified direction. Our object is to construct X 

.ul.isfying 
ooitx=x· (3.2.50) 

In other words, we look for the two-component column matrix representa-
lion of IS· it; + ) defined by 

S°itISoo; +) ISoo; +). (3.2.51) 

this can be solved as a straightforward eigenvalue problem (see 
f'rohlem 9 in Chapter 1), but here we present an alternative method based 
1)11 rotation matrix (3.2.45). 

Let the polar and the azimuthal angles that characterize 0 be /3 and 
n, respectively. We start with the two-component spinor that TP.l"1.TP<p..nt 

Ihe spin-up state. Given this, we first rotate about the y-axis by angle /3; we 
Hubsequently rotate by angle 0: about the z-axis. We see that the desired 

WIr. , Second 
rotation 

'\,, 
/

/
/ 

I First 
I rotationI  

I  
I  
I 
I 

FIGURE 3.3. Construction of 0"0 eigenspinor. 
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pin state is then obtained; see Figure 3.3. In the Pauli spinor language this 
equence of operations is equivalent to applying exp( - ia2 f3/2) to (I 
ollowed by an application of exp( - ia3a/2). The net result is 

( [cos( I)- ia3sin( I) J[cos( - ia2 sin( 6) 
cos( I)- j sin( i) a O. a ) ( '"'( ) 'in( 1m 

( o COs( 2 ) + 1 ) sin( ) cos( ) 

cos( -iaI 2) 
= . (f3). ' (3.2.52)(  SIn - e""/2

2 

in complete agreement with Problem 9 of Chapter 1 if we realize that a 
phase common to both the upper and lower components is devoid of 
physical significance. 

3.3. SO(3), SU(2), AND EULER ROTATIONS 

Orthogonal Group 

We will now study a little more systematically the group properties 
of the operations with which we have been concerned in the previous two 
sections. 

The most elementary approach to rotations is based on specifying 
the axis of rotation and the angle of rotation. It is clear that we need three 
real numbers to characterize a general rotation: the polar and the azimuthal 
angles of the unit vector" taken in the direction of the rotation axis and the 
rotation angle cp itself. Equivalently, the same rotation can be specified by 
the three Cartesian components of the vector "cp. However, these ways of 
characterizing rotation are not so convenient from the point of view of 
studying the group properties of rotations. For one thing, unless cp is 
infinitesimal or " is always in the same direction, we cannot add vectors of 
the form "cp to characterize a succession of rotations. It is much easier to 
work with a 3 X 3 orthogonal matrix R because the effect of successive 
rotations can be obtained just by multiplying the appropriate orthogonal 
matrices. 

How many independent parameters are there in a 3 X 3 orthogonal 
matrix? A real 3 X 3 matrix has 9 entries, but we have the orthogonality 
constraint 

RRT =1.  (3.3.1) 

3.3 SO(3), SU(2), and Euler Rotations 
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which corresponds to 6 independent equations because the product RRT, 
being the same as RTR, is a symmetrical matrix with 6 independent entries. 
As a result, there are 3 (that is, 9 6) independent in R, the same 
rlUmber previously obtained by a more elementary method. 

The set of all multiplication operations with orthogonal matrices 
forms a group. By this we mean that the following four requirements are 
satisfied: 

1.  The product of any two orthogonal matrices is another orthogonal 
matrix, which is satisfied because 

T T T( RIR2 )( RIR2 ) = RIR2R2Rl = 1. (3.3.2) 
2.  The associative law holds: 

R1(R 2R 3 ) = (R 1R 2 )R · 3 (3.3.3) 
3.  The identity matrix I-physically corresponding to no rotation 

--defined by 

Rl lR = R (3.3.4) 
is a member of the class of all orthogonal matrices. 

4.  The inverse matrix corresponding to rotation in 
the opposite sense-defined by 

RR 1 RIR=l  (3.3.5) 
is also a member. 

This group has the name SO(3), where S stands for special, 0 stands for 
orthogonal, 3 for three dimensions. Note only rotational operations are 
considered here, hence we have SO(3) rather than 0(3) (which can include 
the inversion operation of Chapter 4 later). 

Unitary unimodular group 

In the previous section we learned yet another way to characterize an  
arbitrary rotation- that is, to look at the 2 X 2 matrix: (3.2.45) that acts on  
the two-component spinor x. Clearly, (3.2.45) is unitary. As a result, for the  
('.  and c_, defined in (3.2.28), 

Ic+12+ 12 =1 (3.3.6) 
IS left invariant. Furthermore, matrix (3.2.45) is unimodular; that is, its 
determinant is  1, as will be shown explicitly below. 

We can write the most general unitary unimodular matrix: as 
a 

U(a, b) = ( b b),  (3.3.7)\ - * a* 
where a and bare complex numbers satisfying the unimodular condition 

2 2  ( )+ Ihl 1.  3.3.8 
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We can easily establish the unitary property of (3.3.7) as follows: 

U(a,b)tU(a,b) (a* -b)( a b) 1,
b* a - b* a* 

where we have used (3.3.8). Notice that the number of independent real 
parameters in (3.3.7) is again three. 

We can readily see that the 2 X 2 matrix (3.2,45) that characterizes a 
rotation of a spin ! system can be written as U(a, b). Comparing (3.2,45) 
with (3.3.7), we identify 

Re(a) cos( t), Im(a) = nzSin( t), 
Re(b)= nySin(t), Im(b) nxsin(%), 

from which the unimodular property of (3.3.8) is immediate. Conversely, it 
is clear that the most general unitary unimodular matrix of form (3.3.7) can 
be interpreted as representing a rotation. 

The two complex numbers a and b are known as Cayley-Klein 
parameters. Historically the connection between a unitary unimodular ma-
trix and a rotation was known long before the birth of quantum mechanics. 
In fact, the Cayley-Klein parameters were used to characterize complicated 
motions of gyroscopes in rigid-body kinematics. 

Without appealing to the interpretations of unitary unimodular 
matrices in terms of rotations, we can directly check the group properties of 
multiplication operations with unitary unimodular matrices. Note in par-
ticular that 

U(a 1 ,b1 )U(a 2,b2) U(ala2-blbi,alb2+a 

where the unimodular condition for the product matrix is 

lala2 - b1bi\2 + \a1b2+ aibl\2 = l. 

For the inverse of U we have 
U-1(a,b)=U(a*, b). 

This group is known as SU(2), where S stands for special, U for unitary, 
and 2 for dimensionality 2. In contrast, the group defined by multiplication 
operations with general 2 X 2 unitary matrices (not necessarily constrained 
to be unimodular) is known as U(2). The most general unitary matrix in two 
dimensions has four independent parameters and can be written as 
(with '( real) times a unitary unimodular matrix: 

U eiY ( a b), \aI 2 +lbI2 =1, '(* '(. (3.3.14) 
- b* a* 

SU(2) is called a subgroup of U(2). 

3.3 SO(3), SU(2), and Euler Rotations 

Because we can characterize rotations using both the SO(3) language 
and the SU(2) language, we may be tempted to conclude that the groups 
80(3) and SU(2) are isomorphic-that is, that there is a one-to-one cor-
respondence between an element of SO(3) and an element of SU(2). This 
inference is not correct. Consider a rotation by 21T and another one by 41T. 
In the SO(3) language, the matrices representing a 21T rotation and a 41T 
rotation are both 3 x 3 identity matrices; however, in the SU(2) language the 
corresponding matrices are - 1 times the 2 x 2 identity matrix and the identity 
matrix itself, respectively. More generally, U(a,b) and U( a, - b) 
both correspond to a single 3 x 3 matrix in the SO(3) language. The cor-
rcspondence therefore is two-to-one; for a given R, the corresponding U 
is double-valued. One can say, however, that the two groups are locally 
isomorphic. 

Euler Rotations 

From classical mechanics the reader may be familiar with the fact 
that an arbitrary rotation of a rigid body can be accomplished in three 
steps, known as Euler rotations. The Euler rotation language, specified by 
three Euler angles, provides yet another way to characterize the most 
general rotation in three dimensions. 

The three steps of Euler rotations are as follows. First, rotate the 
body counterclockwise (as seen from the positive z-side) about the 

z-axis by angle a. Imagine now that there is a body y-axis embedded, so to 
speak, in the rigid body such that before the z-axis rotation is carried out, 
the body coincides with the usual y-axis, referred to as the space-fixed 
.v-axis. Obviously, after the rotation about the z-axis, the body y-axis no 
longer coincides with the space-fixed let us call the former the 
v'-axis. To see how all this may appear for a thin disk, refer to Figure 3,4a. 
We now perform a second rotation, this time about the y'-axis by angle /3. 
As a result, the body z-axis no longer points in the space-fixed z-axis 
direction. We call the body-fixed z-axis after the second rotation the z'-axis; 
see Figure 3,4b. The third and final rotation is about the z'-axis by angle '(. 
The body y-axis now becomes the y"-axis of Figure 3.4c. In terms of 3 X 3 
orthogonal matrices the product of the three operations can be written as 

R(a,/3,'() RA'()R (a). (3.3.15) 

A cautionary remark is in order here. Most textbooks in classical 
mechanics prefer to perform the second rotation (the middle rotation) about 
the body x-axis rather than about the body y-axis for example, 
Ooldstein 1980). This convention is to be avoided in quantum mechanics for 
n reason that will become apparent in a moment. 

In (3.3.15) there appear R y' and R z', which are matrices for rotations 
IIhout body axes. This approach 'to Euler rotations is rather inconvenient in 
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FIGURE 3.4. Euler rotations. 

quantum mechanics because we earlier obtained simple expressions for 
space-fixed (unprimed) axis components of the S operator, but not for 
body-axis components. It is therefore desirable to express the 
rotations we considered in terms of space-fixed axis rotations. Fortunatel), 
there is a very simple relation, namely, 

Ry'( /3) = Rz ( a)R y( /3)R; 
The meaning of the right-hand side is as follows. First bring the body. 
y-axis of Figure 3.4a (that is, the y'-axis) back to the original fixed-
y-direction by rotating clockwise (as seen from the positive z-side) about 
z-axis by angle a; then rotate about the y-axis by angle /3. Finally, 
the body y-axis to the direction of the by rotating about 
fixed-space z-axis (not about the z'-axis!) by angle a. Equation (3.3.16) 
us that the net effect of these rotations is a single rotation about the y' 
by angle /3. 

.U SO(3), SU(2), and Euler Rotations 

To prove this assertion, let us look more closely at the effect of both 
Hides of (3.3.16) on the circular disc of Figure 3.4a. Clearly, the orientation 
of the body y-axis is unchanged in both cases, namely, in the y'-direction. 
Furthermore, the orientation of the final body z-axis is the same whether we 
upply R,.,(/3) or In both cases the final body z-axis 
makes a polar angle /3 with the fixed z-axis (the same as the initial z-axis), 
lind its azimuthal angle, as measured in the fixed-coordinate system, is just 
II. In other words, the final body z-axis is the same as the z'-axis of Figure 
JAb. Similarly, we can prove 

Rz'( y) = Ry,(/3)Rz ( y )R/(f3). (3.3.17) 

Using (3.3.16) and (3.3.17), we can now rewrite (3.3.15). We obtain 

RAY )Ry,(/3)Rz (a) = Ry.(/3)Rz ( y )R/(/3)Ry,(/3)RJa) 

= Rz(a)Ry(/3) l(a)Rz(y)Rz(a) 

= Rz(a)R y(f3)R ( y), (3.3.18)z 

where in the final step we used the fact that Rz(Y) and Rz(a) commute. To 
/ill mmarize, 

R(a,/3,y) R (a)R y(/3)R (y), (3.3z z

where all three matrices on the right-hand side refer to fixed-axis rotations. 
Now let us apply this set of operations to spin t systems in quantum 

mechanics. Corresponding to the product of orthogonal matrices in (3.3.19) 
Ihere exists a product of rotation operators in the ket space of the spin t 
system under consideration: 

!!iJ( a, /3, y) = !!iJz( a )!!iJy(/3 )!!iJz( y). (3.3.20) 

The 2 x 2 matrix representation of this product is 

- io a ) I - io /3) I - ) exp( -2-3
- 2 2 

(e;/2 o )( cos(/3/2) -sin (/3/2»)( e- iy/ 2 

)e ia / 2 sin(/3/2) cos(/3/2) 0 

= ( ei(CI+Yl/2cos(/3/2) - e- i(a- Yl/2sin(/3/2) ) 
(3.3.21) 

e '(CI-yl/2sin( /3/2) ei(,,+Yl/2cos( /3/2) , 

where (3.2.44) was used. This matrix is clearly of the unitary unimodular 
form. Conversely, the most general 2 X 2 unitary unimodular matrix can be 
written in this Euler angle form. 

Notice that the matrix elements of the second (middle) rotation 
exp( - io,.</>/2) are purely real. This would not have been the case had we 
dlosen to rotate about the x-axis rather than the y-axis, as done in most 
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textbooks in classical mechanics. In quantum mechanics it pays to stick 
our convention because we prefer the matrix elements of the 
rotation, which is the only rotation matrix containing off-diagonal elemem:SJ; 
to be purely real. >I<The 2 X 2 matrix in (3.3.21) is called the j = } irreducible represent  
tion of the rotation operator §1( a, fJ, y). Its matrix elements are denoted  

fJ, y). In terms of the angular-momentum operators we have  

1 \ ( iJ,a)
§1:"1,';;) (ex, fJ, y ) = j = 2' m' exp ----,:-( 

( - iJyfJ) ( ilzy )\ ' 1 \ xexp \-"- exp -h- J= 2,m r 
In Section 3.5 we will extensively study higher j-analogues of (3.3.21). 

3.4.  DENSITY OPERATORS AND PURE  
VERSUS MIXED ENSEMBLES  

Polarized Versus Unpolarized Beams 
The formalism of quantum mechanics developed so far makes 

tical predictions on an ensemble, that a collection, of identically 
physical systems. More precisely, in such an ensemble all members 
supposed to be characterized by the same state ket \a). A good example 
this is a beam of silver atoms coming out of an SG filtering apparat 
Every atom in the beam has its spin pointing in the same direction, 
the direction determined by the inhomogeneity of the magnetic field of 
filtering apparatus. We have not yet discussed how to describe 
mechanically an ensemble of physical systems for which some, say 60%, 
characterized by \a), and the remaining 40% are characterized by 

other ket \fJ)·To illustrate vividly the incompleteness of the formalism developed 
so far, let us consider silver atoms coming directly out of a hot oven, yet to 
be subjected to a filtering apparatus of the Stern-Gerlach type. On sym 
try grounds we expect that such atoms have random spin orientations; 
other words, there should be no preferred direction associated with such an 
ensemble of atoms. According to the formalism developed so far, the most 
general state ket of a spin t system is given by 

\a) c+\+)+c\-), 

on our convention that the matrix clements of S" 
*This, of course,  

lh, T l ,IT" taken to be imaginary,  

1.4, Density Operators and Pure Versus Mixed Ensembles 

Is this equation capable of describing a collection of atoms with random 
Kpin orientations? The answer is clearly no; (3.4.1) characterizes a state ket 
whose spin is pointing in some definite direction, namely, in the direction of 
h. whose polar and azimuthal angles, fJ and a, respectively, are obtained by 
lIolving 

c+ cos( fJ/2) (3.4.2)
= e i "'sin(fJ/2) ; 

Kee (3.2.52). 
To cope with a situation of this kind we introduce the concept of 

fractional population, or probability weight. An ensemble of silver atoms 
with completely random spin orientation can be viewed as a collection of 
Hilver atoms in which 50% of the members of the ensemble are characterized 
hy 1+) and the remaining 50% by 1-). We specify such an ensemble by 
ussigning 

w+=O.5, w 0.5,  (3.4.3) 

where w+ and w _ are the fractional population for spin-up and -down, 
respectively. Because there is no preferred direction for such a beam, it is 
reasonable to expect that this same ensemble can be regarded equally well 
liS a 50-50 mixture of ISx; +) and ISx; ). The mathematical formalism 
needed to accomplish this will appear shortly. 

It is very important to note that we are simply introducing here two 
real numbers w+ and w _. There is no information on the relative phase 
hctween the and the spin-down keto Quite often we refer to such a 
situation as an incoherent mixture of spin-up and spin-down states. What 
we are doing here is to be clearly distinguished from what we did with a 
coherent linear superposition, for example, 

(3.4.4))1+)+( )1-), 

where the phase relation between 1+) and 1 ) contains vital information 
on the spin orientation in the xy-plane, in this case in the positive x-direc-
tion. In general, we should not confuse w+ and w_ with Ic+12 and 12. 
The probability concept associated with w+ and w_ is much closer to that 
encountered in classical probability theory. The situation encountered in 
dealing with silver atoms directly from the hot oven may be compared with 
that of a graduating class in which 50% of the graduating seniors are male, 
the remaining 50% female. When we pick a student at random, the probabil-
ity that the particular student is male (or female) is 0.5. Whoever heard of a 
student referred to as a coherent linear superposition of male and female 
with a particular phase relation? 

The beam of silver atoms coming directly out of the oven is an 
example of a completely random ensemble; the beam is said to be un-
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polarized because there is no preferred direction for spin orientation. In 
contrast, the beam that has gone through a selective Stern-Gerlach-type 
measurement is an example of a pure ensemble; the beam is said to be 
polarized because all members of the ensemble are characterized by a single 
common ket that describes a state with spin pointing in some definite 
direction. To appreciate the difference between a completely random ensem-
ble and a pure ensemble, let us consider a rotatable SG apparatus where we 
can vary the direction of the inhomogeneous B just by rotating the appara-
tus. When a completely unpolarized beam directly out of the oven is 
subjected to such an apparatus, we always obtain two emerging beams of 
equal intensity no matter what the orientation of the apparatus may be. In 
contrast, if a polarized beam is subjected to such an apparatus, the relative 
intensities of the two emerging beams vary as the apparatus is rotated. For 
some particular orientation the ratio of the intensities actually becomes one 
to zero. In fact, the formalism we developed in Chapter 1 tells us that the 
relative intensities are simply COS2(/3/2) and sin2(/3/2), where /3 is the angle 
between the spin direction of the atoms and the direction of the inhomoge-
neous magnetic field in the SG apparatus. 

A complete random ensemble and a pure ensemble can be regarded 
as the extremes of what is known as a mixed ensemble. In a mixed ensemble 
a certain fraction-for example, 70%-of the members are characterized by 
a state ket la), the remaining 30% by 1/3). In such a case the beam is said to 
be partially polarized. Here Ia) and 1/3) need not even be orthogonal; we 
can, for example, have 70% with spin in the positive x-direction and 30% 
with spin in the negative z-direction. * 

Ensemble Averages and Density Operator 
We now present the density operator formalism, pioneered by J. von 

Neumann in 1927, that quantitatively describes physical situations with 
mixed as well as pure ensembles. Our general discussion here is not 
restricted to spin systems, but for illustrative purposes we return re-
peatedly to spin systems.

A pure ensemble by definition is a collection of physical systems 
such that every member is characterized by the same ket la). In contrast, in 
a mixed ensemble, a fraction of the members with relative population WI are 
characterized by la(1», some other fraction with relative population w2 ' by 
la(2), and so on. Roughly speaking, a mixed ensemble can be viewed as a 
mixture of pure ensembles, just as the name suggests. The fractional 

'In the literature what we call pure and mixed ensembles are often referred to as pure and 
mixed states. In this book. however, we use state to mean a physical system described by a 

detlnite state ket la). 

1.4. Density Operators and Pure Versus Mixed Ensembles 

populations are constrained to satisfy the normalization condition 
LWi =1. (3.4.5) 

As we mentioned previously, la(1» and la(2) need not be orthogonal. 
Furthermore, the number of terms in the i sum of (3.4.5) need not coincide 
with the dimensionality N of the ket space; it can easily exceed N. For 
cxample, for spin systems with N = 2, we may consider 40% with spin in 
the positive z-direction, 30% with spin in the positive x-direction, and the 
remaining 30% with spin in the negative y-direction. 

Suppose we make a measurement on a mixed ensemble of some 
observable A. We may ask what is the average measured value of A when a 
large number of measurements are carried out. The answer is given by the 
ensemble average of A, which is defined by 

[A] == Lw;(a(i)IAla(i» 

= L L wil<a'la(i»1 2a', (3.4.6) 
i a' 

where la') is an eigenket of A. Recall that <a(i)IAla(I» is the usual 
quantum mechanical expectation value of A taken with respect to state 
la(i». Equation (3.4.6) tells us that these expectation values must further be 
weighted by the corresponding fractional populations WI' Notice how prob-
abilistic concepts enter twice; first in 1< a 'Ia(i» 12 for the quantum-mechani-
cal probability for state la(i» to be found in an A eigenstate la'); second, 
in the probability factor Wi for finding in the ensemble a quantum-mechani-
cal state characterized by la(i). * 

We can now rewrite ensemble average (3.4.6) using a more general 
hasis, {I b') }: 

[A] = L Wi L L <a(i)lb')<b'IAIb")<b"la('» 
b' b" 

= L L ( L w;( b"la(il)<a(illb') )< b'IAlb"). (3.4.7) 
b' b" I 

The number of terms in the sum of the b' (b") is just the dimensionality of 
the ket space, while the number of terms in the sum of the i depends on 
how the mixed ensemble is viewed as a mixture of pure ensembles. Notice 
that in this form the basic property of the ensemble which does not depend 
on the particular observable A is factored out. This motivates us to define 
the density operator p as follows: 

p==Lwila(i)<a(i)I. (3.4.8) 

'Quite often in the literature the ensemble average is also called the expectation value. 
II"wever, in this book, the term expectation value is reserved for the average measured value 
wilen measurements are carried on a pure ensemble. 
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The elements of the corresponding density matrix have the following form: 

= Lwi(b"la(il)(aO)lb'). (3.4.9) 

The density operator contains all the physically significant information we 
can possibly obtain about the ensemble in question. Returning to (3.4.7), we 
see that the ensemble average can be written as 

L L (b"lplb')( b'IAlb") 
II 1/' 

= tr(pA). (3.4.10) 
Because the trace is independent of representations, tr(pA) can be evaluated 
using any convenient basis. As a result, (3.4.10) is an extremely powerful 
relation. 

There are two properties of the density operator worth recording. 
First, the density operator is Hermitian, as is evident from (3.4.8). Second, 
the density operator satisfies the normalization condition 

tr( p) = L L wi ( b'la(i)(a(i)lb') 
b' 

= L w ( a(i)la(i)i 

1. (3.4.11) 
Because of the Hermiticity and the normalization condition, for spini 

systems with dimensionality 2 the density operator, or the corresponding 
density matrix, is characterized by three independent real parameters. Four 
real numbers characterize a 2 X 2 Hermitian matrix. However, only three are 
independent because of the normalization condition. The three numbers 
needed are [Sx]' [Sv]' and [Sz]; the reader may verify that knowledge of 
these three ensembie averages is sufficient to reconstruct the density oper-
ator. The manner in which a mixed ensemble is formed can be rather 
involved. We may mix pure ensembles characterized by all kinds of 
with appropriate w/s; yet for spin systems three real numbers completely 
characterize the ensemble in question. This strongly suggests that a mixed 
ensemble can be decomposed into pure ensembles in many different ways. A 
problem to illustrate this point appears at the end of this chapter. 

A pure ensemble is specified by Wi = 1 for some la(l) -with i n, 
for instance-and Wi = 0 for all other conceivable state kets, so the corre-
sponding density operator is written as 

p = la(I1)(a(I1)1 (3.4.12) 

with no summation. Clearly, the density operator for a pure ensemble is 
idempotent, that 

p (3.4.1 

14. Density Operators and Pure Versus Mixed Ensembles 

or, equivalently, 
p(p-1) O. (3.4.14) 

Thus, for a pure ensemble only, we have 
tr{p2) = 1. (3.4.15) 

III addition to (3.4.11). The eigenvalues of the density operator for a pure 
ellsemble are zero or one, as can be seen by inserting a complete set of base 
kcts that diagonalize the Hermitian operator p between p and (p -1) of 
(.\,4.14). When diagonalized, the density matrix for a pure ensemble must 
Ihcrefore look like 

0 o 
0 

0 
I (diagonal form) 

0 
0 

0 

0 o 
(3.4.16) 

II can be shown that tr(p2) is maximal when the ensemble is pure; for a 
mixed ensemble tr(p2) is a positive number less than one. 

Given a density operator, let us see how we can construct the 
corresponding density matrix in some specified basis. To this end we first 
recall that 

= L Llb')(b'la)(alb")(b''J. (3.4.17) 
h' h" 

this shows that we can form the square matrix corresponding to la(l) 
combining, in the sense of outer product, the column matrix formed 

/I'la(i) with the row matrix formed by (a(i)\b"), which, of course, is equal 
to (b"la(i)*. The final step is to sum such square matrices with weighting 
factors Wi' as indicated in (3.4.8). The final form agrees with (3.4.9), as 
expected. 

It is instructive to study several examples, all referring to spin 
systems. 

'(xample 1. A completely polarized beam with Sz + . 

= (1 0) (3.4.18)o O· 



180 
181 Theory of Angular Momentum 

Example 2. A completely polarized beam with Sx ± . 

p )«+I±<-O 

+-21:.] (3.4.19) 
1 .== ( +--2 2 

The ensembles of Examples 1 and 2 are both pure. 

Example 3. An unpolarized beam. This can be regarded as an incoherent  
mixture of a spin-up ensemble and a spin-down ensemble with equal  
weights (50% each): 

p '·;;II+'>{+ 
I I ) (3.4.20)== o 0

!'2 

which is just the identity matrix divided by 2. As we remarked earlier, the 
same ensemble can also be regarded as an incoherent mixture of an Sx + 
ensemble and an Sx ensemble with equal weights. It is gratifying that our 
formalism automatically satisfies the expectation 

(3.4.21)(1O0)=1(11 1 1 1)+1(2_11 -t),
2 

2 2 2 2 

where we see from Example 2 that the two terms on the right-hand side are 
the density matrices for pure ensemble with Sx + and S< . Because p in 
this case is just the identity operator divided by 2 (the dimensionality), we 
have (3.4.22)tr(pSx) = tr(pSy} = tr(pSz) = 0, 

where we used the fact that SI< is traceless. Thus for the ensemble average 
S we have (3.4.23)[S] = o. 
This is reasonable because there should be no preferred spin direction in a 
completely random ensemble of spin! systems. 

Example 4. As an example of a partially polarized beam, let us consider a 
75-25 mixture of two pure ensembles, one with Sz + and the other with 

Sx +: (3.4.24)w{Sx +) = 0.25.w(Sz +) 0.75, 

3.4. Density Operators and Pure Versus Mixed Ensembles 

The corresponding p can be represented by 

•P=4 03 (1 ! n 
(3.4.25)(f n, 

from which follows 
n [Sz] = 3n[Sx1 = 8' [Sy] 0, 8 . (3.4.26) 

We leave as an exercise for the reader the task of showing that this ensemble 
can be decomposed in ways other than (3.4.24). 

Time Evolution of Ensembles 

How does the density operator p change as a function of time? Let us 
suppose that at some time to the density operator is given by 

w;la(i) > < aU)I. (3.4.27) 

If the ensemble is to be left undisturbed, we cannot change the fractional 
population Wi' So the change in p is governed solely by the time evolution of 
state ket la U»: 

laU» at (3.4.28) 
From the fact that la(i), to; t> satisfies the Schrodinger equation we obtain 

in ap = "w.(Bla(i) t . t><a(i) t . tl la(i} t . t><a(i) t . tlB)at L: 1 , 0' , 0' , 0' , 0' 
I 

= - [p, B]. (3.4.29) 
This looks like the Heisenberg equation of motion except that the sign is 
wrong! This is not disturbing because p is not a dynamic observable in the 
Heisenberg picture. On the contrary, p is built up of SchrOdinger-picture 
state kets and state bras which evolve in time according to the SchrOdinger 
equation. 

It is amusing that (3.4.29) can be regarded as the quantum-mechani-
cal analogue of Liouville's theorem in classical statistical mechanics, 

apcIassical [ (3 4 30) at - Pclassical' • • 

where Pclassical stands for the density of representative points in phase 
space.* Thus the name density operator for the p appearing in (3.4.29) is 

*Remember, a pure classical state is one represented by a single moving point in phase space 
(ql"'" qt, Pi'· ... Pt) at each instant of time. A classical statistical state, on the other hand, is 
described by our nonnegative density function Pcl.,,;c.l (ql" .. , qf, PI'"'' PI' t) such that the 
probability that a system is found in the interval dql"'" dpf at time t is Pcl.ssical dql,"" dpj. 
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indeed appropriate. The classical analogue of (3.4.10) for the ensemble 
average of some observable A is given by 

A _ jPclassicalA(q, p) 
(3.4.31)average -

where p stands for a volume element in phase space. 

Continuum Generalizations 

So far we have considered density operators in ket space where the 
base kets are labeled by the discrete.-eigenvalues of some observable. The 
concept of density matrix can be generalized to cases where the base kets 
used are labeled by continuous eigenvalues. In particular, let us consider the 
ket space spanned by the position eigenkets Ix'). The analogue of (3.4.10) is 
given by 

[AJ = j d 3x' j d 3x"(x"lplx')(x'IAlx"). (3.4.32) 

The density matrix here is actually a function of x' and x", namely, 

(x"lplx') = (XIIi( L Ix') 
I 

1/;1(x (3.4.33)=L 
where 1/;; is the wave function corresponding to the state ket laU». Notice 
that the diagonal element (that is, x' = x") of this is just the weighted sum 
of the probability densities. Once again, the term density matrix is indeed 
appropriate. 

In continuum cases, too, it is important to keep in mind that the 
same mixed ensemble can be decomposed in different ways into pure 
ensembles. For instance, it is possible to regard a "realistic" beam of 
particles either as a mixture of plane-wave states (monoenergetic free-par-
ticle states) or as a mixture of wave-packet states. 

Quantum Statistical Mechanics 

We conclude this section with a brief discussion on the connection 
between the density operator formalism and statistical mechanics. Let us 
first record some properties of completely random and of pure ensembles. 

3.4. Density Operators and Pure Versus Mixed Ensembles 

The density matrix of a completely random ensemble looks like 

1 0 
1 

.P= 1 
N 

I 1 
(3.4.34) 

1 
1 

0 1 

in any representation [compare Example 3 with (3.4.20)]. This follows from 
the fact that all states corresponding to the base kets with respect to which 
the density matrix is written are equaUy populated. In contrast, in the basis 
where P is diagonalized, we have (3.4.16) for the matrix representation of 
the density operator for a pure ensemble. The two diagonal matrices (3.4.34) 
and (3.4.16), both satisfying the normalization requirement (3.4.11), cannot 
look more different. It would be desirable if we could somehow construct a 
4uantity that characterizes this dramatic difference. 

Thus we define a quantity called 0 by 

o = tr( p In p) . (3.4.35) 

The logarithm of the operator P may appear rather formidable, but the 
meaning of (3.4.35) is quite unambiguous if we use the basis in which P is 
diagonal: 

o L (3.4.36) 
k 

Because each element is a real number between 0 and 1, 0 is 
"""iti"" semidefinite. For a completely random ensemble (3.4.34), 

we have 

N 1 (1) 
0= L N ln N =lnN. 

k =1 

In contrast, for a pure ensemble (3.4.16) we have 

0=0 (3.4.38) 
where we have used 

= 0 or In = 0 (3.4.39) 

for each term in (3.4.36). 
We now argue that physically 0 can be regarded as a quantitative 

measure of disorder. A pure ensemble is an ensemble with a maximum 
!I mount of order because all members are characterized by the same 
4uantum-mechanical state ket; it may be likened to marching soldiers in a 
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well-regimented army. According to (3.4.38), a vanishes for such an ensem-
ble. On the other extreme, a completely random ensemble, in which all 
quantum-mechanical states are equally likely, may be likened to drunken 
soldiers wandering around in random directions. According to (3.4.37), a is 
large; indeed, we will show later that In N is the maximum possible value 
for a subject to the normalization condition 

LPkk =1. (3.4.40) 
k 

In thermodynamics we learn that a quantity called entropy measures 
disorder. It turns out that our a is related to the entropy per constituent 
member, denoted by S, of the ensemble via 

S=ka, (3.4.41) 
where k is a universal constant identifiable with the Boltzmann constant. In  
fact, (3.4.41) may be taken as the definition of entropy in quantum statistical  
mechanics.  

We now show how the density operator P can be obtained for an 
ensemble in thermal equilibrium. The basic assumption we make is that 
nature tends to maximize a subject to the constraint that the ensemble 
average of the Hamiltonian has a certain prescribed value. To justify this 
assumption would involve us in a delicate discussion of how equilibrium is 
established as a result of interactions with the environment, which is beyond 
the scope of this book. In any case, once thermal equilibrium is established, 
we expect 

ap =0at . 
Because of (3.4.29), this means that P and H can be simultaneously 
diagonalized. So the kets used in writing (3.4.36) may be taken to be energy 
eigenkets. With this choice Pkk stands for the fractional population for an 
energy eigenstate with energy eigenvalue Ek • 

Let us maximize a by requiring that 
Sa = O. (3.4.43) 

However, we must take into account the constraint that the ensemble 
average of H has a certain prescribed value. In the language of statistical 
mechanics, [H] is identified with the internal energy per constituent denoted 
by U: 

(3.4.44)[H] = tr(pH) = U. 
In addition, we should not forget the normalization constraint (3.4.40). So 
our basic task is to require (3.4.43) subject to the constraints 

(3.4.45a)S[H] = LSPkkEk = 0 
k 

3.4. Density Operators and Pure Versus Mixed Ensembles 

and 

S(trp) = LSPkk = O. (3.4.45b) 
k 

We can most readily accomplish this by using Lagrange multipliers. We 
obtain 

LSPkk [(1n Pkk + 1)+ ,BEk + Y 1= 0, (3.4.46) 
k 

which for an arbitrary variation is possibly only if 
Pkk = exp( - ,BEk - Y-1). (3.4.47) 

The constant y can be eliminated using the normalization condition (3.4.40), 
and our final result is 

exp( - ,BEk)
Pkk = N (3.4.48) 

Lexp( - ,BEt) 

which directly gives the fractional population for an energy eigenstate with 
eigenvalue Ek • It is to be understood throughout that the sum is over 
distinct energy eigenstates; if there is degeneracy we must sum over states 
with the same energy eigenvalue. 

The density matrix element (3.4.48) is appropriate for what is known 
in statistical mechanics as a canonical ensemble. Had we attempted to 
maximize a without the internal-energy constraint (3.4.45a), we would have 
obtained instead 

1 .
Pkk = N' (mdependent of k), (3.4.49) 

which is the density matrix element appropriate for a completely random 
ensemble. Comparing (3.4.48) with (3.4.49), we infer that a completely 
random ensemble can be regarded as the ,B --+ 0 limit (physically the 
high-temperature limit) of a canonical ensemble. 

We recognize the denominator of (3.4.48) as the partition function 
N 

Z = Lexp( - ,BEk) (3.4.50) 
k 

in statistical mechanics. It can also be written as 

Z= tr(e- pH ). (3.4.51) 
Knowing Pkk given in the energy basis, we can write the density operator as 

e- PH 
P = ------z- (3.4.52) 

This is the most basic equation from which everything follows. We can 

http:z-(3.4.52
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immediately evaluate the ensemble average of any observable A: 

[A] = tr(e-PHA) 
z 

- PE,)] 
N 
I:exp( - /3Ek ) 

k 

In particular, for the internal energy per constituent we obtain 

U [ - PE,)1 
N 
I:exp( - /3E k ) 

k 

aa/3 (1n z), 

a formula well known to every student of statistical mechanics.  
The parameter 13 is related to the temperature T as follows:  

/3=-1 
kT 

where k is the Boltzmann constant. It is instructive to convince ourselves of 
this identification by comparing the ensemble average [H] of simple 
harmonic oscillators with the kT expected for the internal energy in the 
classical limit, which is left as an exercise. We have already commented that 
in the high-temperature limit, a canonical ensemble becomes a completely 
random ensemble in which all energy eigenstates are equally populated. In 
the opposite low-temperature limit (13 (0), (3.4.48) tells us that a canoni-
cal ensemble becomes a pure ensemble where only the ground state is 
populated.

As a simple illustrative example, consider a canonical ensemble made 
up of spin 1 systems, each with a magnetic moment ehj2m ec subjected to a 
uniform magnetic field in the z-direction. The Hamiltonian relevant to this 
problem has already been given [see (3.2.16)1. Because H and Sz commute, 
the density matrix for this canonical ensemble is diagonal in the Sz basis. 
Thus  0)pnW/ 2e-

( Pnw / 2 . 0 e
p= Z 

where the partition function is just 
Pnw / 2z:;; e- Pnw/ 2 + e • 

.1.5. Eigenvalues and Eigenstates of Angular Momentum 

From this we compute 

Ih) [Sxl  = lSy] = 0, [Sz] = - tanh 2 . (3.4.58) 

The ensemble average of the magnetic moment component is just elmec 
limes [Sz]. The paramagnetic susceptibility X may be computed from 

[Sz] XB.  (3.4.59)
meC 

In this way we arrive at Brillouin's formula for X: 

X =  (3.4.60)
\2mecB 2 

l.S.  EIGENVALUES AND EIGENSTAlES OF 
ANGULAR MOMENTUM 

Up to now our discussion of angular momentum has been confined exclu-
Nively to spin t systems with dimensionality N = 2. In this and subsequent 
Ncctions we study more-general angular momentum states. To this end we 
first work out the eigenValues and eigenkets of J2 and Jz and derive the 
expressions for matrix elements of angular momentum operators, first 
ohtained in a 1926 paper by M. Born, W. Heisenberg, and P. Jordan. 

Commutation Relations and the Ladder Operators 

Everything we will do follows from the angular-momentum commu-
Illtion relations (3.1.20), where we may recall that is defined as the 
generator of infinitesimal rotation. The first important property we derive 
rrom the basic commutation relations is the existence of a new operator J2, 
defined by 

J2  JJx + JyJy + J.fz, (3.5 

that commutes with every one of Jk : 

[J 2, Jk ] = 0, (k =1,2,3).  (3.5.2) 

To prove this let us look at the k = 3 case: 

[.I,Jx + JvJy + J,Jz, Jzl = Jx[Jx, Jz] + [Jx• Jz]Jx + Jy[Jy, J,l + [Jy, Jzl Jy 
Jx( - ihJy) + ( - ihly)Jx + Jy(ihJx) + (ihJx)Jy 

= O. (3.5.3) 
The proofs for the cases where k = 1 and 2 follow by cyclic permutation 
(I 2 3 1) of the indices. Because Jx, Jy' and Jz do not commute with 
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each other, we can choose only one of them to be the observable to be 
diagonalized simultaneously with 12. By convention we choose I z for this 
purpose. 

We now look for the simultaneous eigenkets of J2 and I z • We UCUVtC; 

the eigenvalues of J2 and I z by a and b, respectively: 

J 2 Ia ,b)=ala,b) 
IAa, b) = bla, b). 

To determine the allowed values for a and b, it is convenient to work witll 
the non-Hermitian operators 

I ± == Ix ± iJy ' 

They satisfy the called the ladder operators, rather than with Ix and 
commutation relations 

1_1 = 2hIz 

and  
[Iz' It] ± hI±'  

[J
which can easily be obtained from (3.1.20). Note also that  

2 , I ±] = 0,  

which is an obvious consequence of (3.5.2). 
What is the physical meaning of I+? To answer this we examine how 

IzactsonItla,b): -
Iz ( la,b»=([Iz, ]+ IJla,b) 

=(b± h)( la,b» (3.5.8) 

where we have used (3.5.6b). In other words, if we apply 1+ (J _) to a I z 

eigenket, the resulting ket is still a I eigenket except that its eigenvalue is z 
now increased (decreased) by one unit of h. So now we see why 1+, which 
step one step up (down) on the "ladder" of It eigenvalues, are known as the 
ladder operators. 

We now digress to recall that the commutation relations in (3.5.6b) 
are reminiscent of some commutation relations we encountered in the earlier 
chapters. In discussing the translation operator .9'"(1) we had 

.9'"(1)] = (.9'"(1); (3.5.9) 

also, in discussing the simple harmonic oscillator we had 

[N, at] at, [N,a]= a. (3.5.10) 

We see that both (3.5.9) and (3.5.10) have a structure similar to (3.5.6b). The 
physical interpretation of the translation operator is that it changes 
the eigenvalue of the position operator x by I in much the same way as the 

,15. Eigenvalues and Eigenstates of Angular Momentum 

ludder operator 1+ changes the eigenvalue of I by one unit of h. Likewise,z 
Ihe oscillator creation operator at increases the eigenvalue of the number 
operator N by unity. 

Even though 1+ changes the eigenvalue of Iz by one unit of h, it 
does not change the eigenvalue of J 2: 

J2( la,b» J2Ia,b) 
= a (J± la, b) ), (3.5.1 1) 

where we have used (3.5.7). To summarize, la, b) are simultaneous 
dgenkets of J2 and I with eigenvalues a and b ± h. We may write z 

la,b) c± la,b± h), (3.5.12) 
where the proportionality constant c ± will be determined later from the 
normalization requirement of the angular-momentum eigenkets. 

Eigenvalues of J 2 and I. 
We now have the machinery needed to construct angular-momentum 

cigenkets and to study their eigenvalue spectrum. Suppose we apply 
successively, say n times, to a simultaneous eigenket of J2 and It' We then 
obtain another eigenket of J2 and It with the I eigenvalue increased by nh,z 
while its J2 eigenvalue is unchanged. However, this process cannot go on 
indefinitely. It turns out that there exists an upper limit to b (the Iz 
eigenvalue) for a given a (the J2 eigenvalue): 

a:2:. b2 
• (3.5.13) 

To prove this assertion we first note that 

J2 - = HI+ 1_+ 1_ 1+) 

(3.5.14) 
Now 1+11 and 11 1+ must have nonnegative expectation values because 

DC DC 
la,b) (a,bIJ+, J + la,b) (a,b (3.5.15) 

thus 

{a, bl(J 2 - I/)Ia, b):2:. 0, (3.5.16) 

which, in turn, implies (3.5.13). It therefore follows that there must be a bmax 
sllch that 

J + la, bmax >= O. (3.5.17) 

Stated another way, the eigenvalue of b cannot be increased beyond bmax • 

Now (3.5.17) also implies 
I 1+ la, bmax >= O. (3.5.18) 
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But 
I _ I + = I} + I/ - i ( Iy Ix - IJy) 

= J2 - I z 
2 - hlz • (3.5.19) 

So 
(J 2 - I/ - hlz )Ia, bmax ) = O. (3.5.20) 

Because la, b ) itself is not a null ket, this relationship is possible only if max 
a - b!ax - bmaxh = 0 (3.5.21) 

or 
(3.5.22)a = bmax(bmax + h). 

In a similar manner we argue from (3.5.13) that there must also exist 
a bmin such that 

I _la, bmin ) = O. (3.5.23) 

By writing I + I_as 
I + I _ = J2 - I/ + hlz (3.5.24) 

in analogy with (3.5.19), we conclude that 
(3.5.25)a = benin(benin - h). 

By comparing (3.5.22) with (3.5.25) we infer that 

bmax = - benin' 
with bmax positive, and that the allowed values of b lie within 

- b bmax ·bmax 
Clearly, we must be able to reach la, bmax ) by applying I + successively to 
la, bmin ) a finite number of times. We must therefore have 

= boon + nh,bmax 
where n is some integer. As a result, we get 

nh 
bmax = 2' 

It is more conventional to work with ), defined to be bmaxl h, instead of 
with bmax so that 

. n 
]=2' 

The maximum value of the I z eigenvalue is )h, where) is either an integer 
or a half-integer. Equation (3.5.22) implies that the eigenvalue of J2 is given 
by 

a = h 2)(j +1). 

\.S. Eigenvalues and Eigenstates of Angular Momentum 

Let us also define m so that 

b == mh. (3.5.32) 

Ir ) is an integer, all m values are integers; if ) is a half-integer, all m 
values are half-integers. The allowed m-values for a given) are 

m= -),-)+1, ... ,)-1,). (3.5.33) 

2) +1 states 
Instead of la, b) it is more convenient to denote a simultaneous 

cigenket of J2 and I by I), m). The basic eigenvalue equations now read z 

J 21), m) =)(j +1)h 21), m) (3.5.34a) 
lind 

Izl), m) = mhl), m), (3.5.34b) 

with) either an integer or a half-integer and m given by (3.5.33). It is very 
important to recall here that we have used only the commutation relations 
(J.J.20) to obtain these results. The quantization of angular momentum, 
manifested in (3.5.34), is a direct consequence of the angular-momentum 
rommutation relations, which, in turn, follow from the properties of rota-
I ions together with the definition of Ik as the generator of rotation. 

Matrix Elements of Angular-Momentum Operators 

Let us work out the matrix elements of the various angular-momen-
tllm operators. Assuming I), m) to be normalized, we obviously have from 
(U.34) 

(i', m ' IJ 2 1), m) =)(j + 1)h2l)}'/>m'm (3.5.35a) 

lind 

(i', m'jIziJ, m) = mfzl)j'jl)m'm' (3.5.35b) 

To obtain the matrix elements of I ±' we first consider 
2(i, mill I + I), m) = (i, ml(J 2 

- I z - hIz)I), m) 

=h 2 [)(j+1)-m 2 -m]. (3.5.36) 
Now I+I),m) must be the same as 1),m+1) (normalized) up to a 
11I1IItiplicative constant [see (3.5.12)]. Thus 

I+I),m)=c/;"I),m+1). (3.5.37) 
( 'omparison with (3.5.36) leads to 

Icj:'I2 = h 2 (j(j +1)- m(m +1)] 
= h 2(j - m)(j + m +1). (3.5.38) 
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necessarily 

) we have determined c/ up to an arbitrary phase factor. It is \;U:slUlI1i:l.rJm 
I  choose c/;" to be real and positive by convention. So 

1 + Ij, m) =V(j- m)(j + m + 1) lilj, m + I). 

imilarIy, we can derive 

1 _I i. m) =V(j + m)(j - m +1) lili, m -I). 

in ally, we determine the matrix elements of 1 ± to be 

(i', m'll± Ii, m) = V(j"+ m)(j ± m +1) 1i8j'j8m',m ±v 

Representations of the Rotation Operator 

Having obtained the matrix elements of lz and 1 ±' we are now in 
osition to study the matrix elements of the rotation operator §J(R). If 
)tation R is specified by iI and </>, we can define its matrix elements by 

rM (j) (R) _ (' 'I ( iJ· fl.</> ) I' );;Um'm - j, m exp Ii j, m . 

'hese matrix elements are sometimes called Wigner functions after E.  
Vigner, who made pioneering contributions to the group-theoretical nT'i'lnP....'  

.es of rotations in quantum mechanics. Notice here that the same  
ppears in the ket and bra of (3.5.42); we need not consider matrix  
f §J( R) between states with different j-values because they all  
:ivially. This is because £d(R)Ij, m) is still an eigenket of J2 with the  
igenvalue j(j + I)1i 2:  

J 2£d(R)\J, m) = £d(R)J 2Ij, n:) 
j(j + I)1i 2 [§J(R)Ij, m)], 

rhich follows directly from the fact that J 2 commutes with lk (hence with 
ny function of lk)' Simply stated, rotations cannot change the j-valueJ 

rhich is an eminently sensible result. 
Often in the literature the (2j +1) x (2j +1) matrix formed by 

is referred to as the (2j + I)-dimensional irreducible representation 
f the rotation operator £d(R).. This means that the matrix which corre-
ponds to an arbitrary rotation operator in ket space not 
haracterized by a single j-value can, with a suitable choice of basis, be 
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brought to block-diagonal form: 

o o  
o 0  

(3.5.44) 

o 0 .0 
"-o 0 o " 

where each shaded square is a (2j +1) x (2j + 1) square matrix formed by 
with some definite value of j. Furthermore, each square matrix itself 

cannot be broken into smaller blocks 

k 

......-- 2j+1 ---10-

k {B, 2j+.'-k ,t 
2jt1 2i+1-k{.! 

(3.5.45) 

with any choice of basis. 
The rotation matrices characterized by definite j form a group. First, 

the identity is a member because the rotation matrix corresponding to no 
Malion (</>=0) is the (2j+l)X(2j+I) identity matrix. Second, the 
Inverse is also a member; we simply reverse the rotation angle (</> __ </» 
without changing the rotation axis n. Third, the product of any two 

http:U:slUlI1i:l.rJ
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members is also a member; explicitly we have 

= 
tn' 

where the product RIR2 represents a single rotation, We also note that 
rotation matrix is unitary because the corresponding rotation 
unitary; explicitly we have 

To appreciate the physical significance of the rotation matrix 
start with a state represented by Ij, m). We now rotate it: 

m) m). 
Even though this rotation operation does not change }. we generally 0 

states with m-values other than the original m. To find the amplitude 
being found in I}, m'), we simply expand the rotated state as follows: 

EP(R)I}, m) LI}, m')(j, m'IE&(R)I}, m) 
tn' 

LI}, 
tn' 

where, in using the completeness relation, we took advantage of the fact 
R) connects only states with the same}. So the matrix element 

is simply the amplitude for the rotated state to be found in jj, m ') when 
original unrotated state is given by I}, m). 

In Section 3.3 we saw how Euler angles may be used to 
the most general rotation. We now consider the matrix 
(3.3.20) for an arbitrary} (not necessarily t): 

-Ufl a (j) _" __y_EPm'm ( a, fl , Y) - <J , m lexp( h )exp( h h 

- Uvfl)= e"'" - """( I. m'leXDI --h-'-

Notice that the only nontrivial part is the middle rotation about the 
which mixes different m-values. It is convenient to define a 
d(j)(fl) as 

. (-Ufl)(j,m'lexp -t-I},m). 

Finally, let us turn to some examples. The} = t case has already 
been worked out in Section 3.3. See the middle matrix of (3.3.21), 

d(I/2) = 

sin ( cos( 

realization 

) m) 

new matrix 

Ihe case} = 

\I) work out 

,fl, Orbital Angular Momentum 

next simplest case is} 1, which we consider in some detaiL Clearly, 
..." must first obtain the 3 X 3 matrix representation of Jl" Because 

U+-J ) 
"j - (3.5.53)Jv 

'rom the defining equation (3.5.5) for J ±' we can use (3.5.41) to obtain 
m=l m=O m= 1 

m' 1o -Iii 0 (3.5.54)= oil m'=O. 
m' 1 

Our next task is to work out the Taylor expansion of exp( - iJ"fll h). Unlike 
t, 1)]2 is independent of 1 and However, it is easy 

o o 

1) 

( h 1) r (3.5.55)
h 

('llnsequently, for) 1 only, it is legitimate to replace 

(JI')2 .(J"h ) h (l-cosfl) 111 (3.5.56) 

liN the reader may verify in detail. Explicitly we have 

( )(1 + cos f3) _(_1 )sin fl ( )(1- cos fl )\ If ' 
d(l)(fl) = I ( 1 ) sin fl cosfl ( )sin fl 

( )(1 cos fl ) ()2 )sin fl +cosfl) 

(3.5.57) 
Clearly, this method becomes time-consuming for large }. In Section 

lX we will learn a much easier method for obtaining for any}. 

.l.6. ORBITAL ANGULAR MOMENTUM 

We introduced the concept of angular momentum by defining it to be the 
Jl,enerator of an infinitesimal rotation. There is another way to approach the 

of angular momentum when spin-angular momentum is zero or can 
Il$11vred. The angular momentum J for a single particle is then the same 

liS orbital angular momentum, which is defined as 
L=xxp. (3.6.1) 

In this section we explore the connection between the two approaches. 
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Orbital Angular Momentum as Rotation Generator 

We first note that the orbital angular-momentum operator defined 
(3.6.1) satisfies the angular-momentum commutation relations 

[L;, Lj ] = ie;jkliLk 
by virtue of the commutation relations among the components of x and p. 
This can easily be proved as follows: 

[Lx, Ly] = [ypz - ZPy' zPx - xpzl 
= [YPz,zpx1+[zpy,xpzl 
= ypJpz, z]+ Pyx[z, pzl 

= iii (xPy - ypJ 
= iliLz 

Next we let 
1-1.( hSep) Lz=I-1.( hSep) (xPy- ypJ 

act on an arbitrary position eigenket lx', y', z') to examine whether it can 
be interpreted as the infinitesimal rotation operator about the z-axis by 
angle Sep. Using the fact that momentum is the generator of translation, we 
obtain [see (1.6.32)] 

[ 1 - i ( S: )L z ] Ix " y', z ') = [1 - i ( ) ( Sepx ' ) + i ( ) ( SepY ') ] Ix " y', z') 

=Ix'- y'Sep,y'+x'Sep,z'). (3.6.5) 
This is precisely what we expect if L generates an infinitesimal rotation z 
about the z-axis. So we have demonstrated that if p generates translation, 
then L generates rotation. 

Suppose the wave function for an arbitrary physical state of a 
spinless particle is given by (x', y', z'la). After an infinitesimal rotation 
about the z-axis is performed, the wave function for the rotated state is 

(x', y', Z'I[1- i( S: )Lz] la) = (x' + y'Sep, y' - x'Sep, z'la). (3.6.6) 

It is actually more transparent to change the coordinate basis 
(x', y', z'la) -> (r,O,epla). (3.6.7) 

For the rotated state we have, according to (3.6.6), 

(r, 0, epl [1- i ( S: )Lz] la) = (r, 0, ep - Sepia) 

a=(r,O,epla)-Sep aep (r,O,epla). (3.6.8) 

1II. Orbital Angular Momentum 

Ib;ause (r, 0, epl is an arbitrary position eigenket, we can identify 

. a(x'ILzla) = - Iii aep (x'la), (3.6.9) 

which is a well-known result from wave mechanics. Even though this 
rt'lillion can also be obtained just as easily using the position representation 
Ill' lhe momentum operator, the derivation given here emphasizes the role of 
I,. as the generator of rotation. 

We next consider a rotation about the x-axis by angle Sepx' In 
unalogy with (3.6.6) we have 

(x', y', Z'I[1- i ( S:x ) Lx] la) = (x', y' + z'Sepx' z' - y'Sepxla). 

(3.6.10) 

By expressing x', y', and z' in spherical coordinates, we can show that 

(x'ILxla) = - iii ( - sinep :0 - cot °cos ep :ep ) (x'la). (3.6.11) 

l.ikewise, 

(x'ILyla) = - iii (cosep :0 -cotO sinep a: )(x'la). (3.6.12) 

Iising (3.6.11) and (3.6.12), for the ladder operator L ± defined as in (3.5.5), 
we have 

.(a a)(x'IL± la)=-ilie± l</> ± iao-cotO (x'la). (3.6.13)aep 

I,'inally, it is possible to write (x'IVla) using 

L2 = L; + OJ(L+ L_ + L_ L+), (3.6.14) 

(.1.6.9), and (3.6.13), as follows: 

(x'IL2Ia) = -1i2 :;2 + :0 (sinO :0 )](x'la). (3.6.15) 

Apart from l/r2, we recognize the differential operator that appears here to 
he just the angular part of the Laplacian in spherical coordinates. 

It is instructive to establish this connection between the L2 operator 
lind the angular part of the Laplacian in another way by looking directly at 
Ihe kinetic-energy operator. We first record an important operator identity, 

L2 = X2p2 - (X·p)2 + ilix.p, (3.6.16) 
where x 2 is understood to be the operator x·x, just as p2 stands for the 
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operator p.p. The proof of this is straightforward: 

L2 = L EijkXiPjE/mkx,Pm  
ij/mk  

= L (13i/13jm -13im13j1)X ipjx,Pm  
ij/m  

= L [13i/13jmx i(x/Pj - iliSjI) Pm - 13im13j1XiPi PmX, + iliS'm) 1 
ij/m 

= X2p2 - iiix .p - L 13im13j1 [XiPm (X 'Pj - iliSj ,) + iliS'm x i pJ
ij/m 

= X2p2 _ (X·p)2 + ilix.p. 

Before taking the preceding expression between (x'i and la), first note 

(x'lx·pla) = x'· (- iliV '(x'la») 
. a 

= - llir ar (x'la). 

Likewise, 

2(X'I(X·p)2 Ia) = -1i r :r (r :r (x'la») 

a2 a)= -1i2 
( r2 ar2 (x'la) + r ar (x'la) . 

Thus 

a2 a)(x'IL2Ia) = r2(x'lp2Ia) + 1i2 r2 ar2 (x'la) + 2r ar (x'la) .( 
In terms of the kinetic energy p2/2m, we have 

2 
2m1 (x'lp2Ia) = - ( 1i )2m V' '2(x'la) 

= - - _1_(X'IL2 Ia »).2m ar2 r ar 1i 2r2 
(3.6.21 

The first two terms in the last line are just the radial part of the LdPld\,;lQ4JI 

acting on (x'la). The last term must then be the angular part 
Laplacian acting on (x'la), in complete agreement with (3.6.15). 

Spherical Harmonics 

Consider a spinless particle subjected to a spherical symmetrical 
potential. The wave equation is known to be separable in spherical coordi-
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and the energy eigenfunctions can be written as 

(x'ln, I, m) = Rn,(r )r;m( 0, cp), (3.6.22) 

the position vector x' is specified by the spherical coordinates r, 0, 
cp, and n stands for some quantum number other than I and m, for 

the radial quantum number for bound-state problems or the 
for a free-particle spherical wave. As will be made clearer in Section 

10.  this form can be regarded as a direct consequence of the rotational 
of the problem. When the Hamiltonian is spherically symmetri-

,  II commutes with L z and L2, and the energy eigenkets are expected to 
cigenkets of L2 and L also. Because Lk with k =1,2,3 satisfy the z 

lar-momentum commutation relations, the eigenvalues of L2 and L z 
expected to be l(l + 1)1i2, and mli = [-IIi,( -I + 1)1i, ... ,(l-1)1i, Iii]. 

Because the angular dependence is common to all problems with 
."herical symmetry, we can isolate it and consider 

(ill/, m) = r;m(o,cp) = r;m(il), (3.6.23) 

where we have defined a direction eigenket Iii). From this point of view, 
Y7' (6, <1» is the amplitude for a state characterized by I, m to be found 
In the direction ii specified by e and <1>. 

Suppose we have relations involving orbital angular-momentum ei-
,.nkets. We can immediately write the corresponding relations involving the 
apherical harmonics. For example, take the eigenvalue equation 

LzI/, m) = mlil/, m).  (3.6.24) 

Multiplying (ilion the left and using (3.6.9), we obtain 

- iii aacp (ill/, m) = mli(ill/, m). (3.6.25) 

We recognize this equation to be 

- iii a: r;m(o,cp) = mlir;m(o,cp), (3.6.26) 

which implies that the cp-dependence r;m(o,cp) must behave like eim",. 
Likewise, corresponding to 

L21/, m) = l(l +1)1i 2 1/, m), (3.6.27) 
we have [see (3.6.15)] 

2 
1 a (. a ) 1 a ]

[ sinO ao smO ao + sin20 acp2 + l(l + 1) yt = 0, (3.6.28) 

whieh is simply the partial differential equation satisfied by r;m itself. The 
orthogonality relation 

(I', m'l/, m) = 1311'13mm,  (3.6.29) 
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(3.6.36) 

(sinO)2l, 

(3.6.37) 

0, WI 

leads to 
r2'1t /1 ,.. ' }" dq, (O,q,)Yt(O,q,) 81l'8mm" 
o -1 

where we have used the completeness relation for the direction eigenkets, 

/ dOnlo)(ol =1. 

To obtain the Y,m themselves, we may start with the m = 1 case. 
have 

L+I/,/)=O, 
which, because of (3.6.13), leads to 

- ihe i4>[iJ.- I) 0ao aq, , . 
Remembering that the q,-dependence must behave like e il4>, we can 
show that this partial differential equation is satisfied by 

(nil, I) = 0, q,) = c,e il4>sin'O, 
where Cl is the normalization constant determined from (3.6.30) to be* 

C = [( -l)l]J [(2/+1)(2/)!] 
l 2lt! 

Starting with (3.6.34) we can use 

(AI/,m 1)= (nIL_I/,m)  
J(t + m)(t - m +1) h  

1 .... ( a a )= e- l
" - - + icotO- (nil, m)

J(t + m)(t - m +1) ao aq, 

successively to obtain all with I fixed. Because this is done in many 
textbooks on elementary quantum mechanics, we will not work out the 
details here. The result for m 0 is 

(21 +1) (t + m )! 1 d l
-

m 

Yt(O,q,) 4'17 (t - m)! sinmO d(oos 0) l- m 

*Normalization condition (3.6.30). of course, does not determine the phase of C/. The factor 
(- 1)/ is inserted so that when we use the L_ operator successively to reach the state m -
obtain Yio with the same sign as the Legendre polynomial p/(cos(l) whose phase is fixed by 
p/(1) = 1 [see (3.6.39)]. 
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Ind we define m by 

yl -
m(O,q,) = (_l)m[ Yt( 0, * (3.6.38) 

Regardless of whether m is positive or negative, the O-dependent part of 
Y/,,( 0, q,) is [sin 0 ]Iml times a polynomial in cos (J wi th a highest power of 
I Iml. For m 0, we obtain 

o[fi+lY, (0, q,) = V4;- p,(cosO). (3.6.39) 

From the point of view of the angular-momentum commutation 
relations alone, it might not appear obvious why I cannot be a half-integer. 
It turns out that several arguments can be advanced against half-integer 
I-values. First, for half-integer I, and hence for half-integer m, the wave 
runction would acquire a minus sign, 

e im(21r) = -1, (3.6.40) 
under a 2'17 rotation. As a result, the wave function would not be single- 
vulued; we pointed out in Section 2.4 that the wave function must be  
lingle-valued because of the requirement that the expansion of a state ket in  
terms of position eigenkets be unique. We can prove that if L, defined to be  
XX p, is to be identified as the generator of rotation, then the wave function  
must acquire a plus sign under a 2'17 rotation. This follows from the fact that  
the wave function for a 2'17-rotated state is the original wave function itself  
with no sign change:  

(x' I la> = (X'COS21T + y'sin21T, y'cos21T x 'sin21T, z'la) 
= (x'la), (3.6.41) 

where we have used the finite-angle version of (3.6.6). Next, let us suppose 
Y/,,( 0, q,) with a half-integer I were possible. To be specific, we choose the 
Ilimplest case, 1m!. According to (3.6.34) we would have 

y1/1/2 
2(0 ,'I"A) = C1/2ei4>/2JsinO . (3.6.42) 

From the property of L_ [see (3.6.36)] we would then obtain 

Y1/V2
( 0, q,) = - ;0 + icot 0;q,)( c1/2ei4>/ 2Jsin(J) 

- C 1 12e - i4>1200t OJsin 0 . (3.6.43) 

This expression is not permissible because it is singular at (J = 0, '17. What is 
worse, from the partial differential equation 

1 1 1) . (a a)1 1 1) j\ hIL_12' 2 = -lhe- 4> - i ao -cotO aq, \012 , - 2 
= 0 (3.6.44) 
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we directly obtain 
y-1/2 - c' e- i</>/2/sin(J1/2 - 1/2 , 

in sharp contradiction with (3.6.43). Finally, we know from the 
Liouville theory of differential equations that the solutions of (3.6.28) with 
integer form a complete set. An arbitrary function of (J and cp can 
expanded in terms of Yt with integer I and m only. For all these reasons 
is futile to contemplate orbital angular momentum with half-integer 
ues. 

Spherical Harmonics as Rotation Matrices 

We conclude this section on orbital angular momentum by Ul"'''''.''''1 
ing the spherical harmonics from the point of view of the rotation 
introduced in the last section. We can readily establish the desired conneCi 
tion between the two approaches by constructing the most general 
eigenket In) by applying appropriate rotation operators to Ii), the UUCI,;UVI'I 

eigenket in the positive z-direction. We wish to find such that 
In) = (3.6 

We can rely on the technique used in constructing the eigenspinor of a'° 
Section 3.2. We first rotate about the y-axis by angle (J, then around 
z-axis by angle cp; see Figure 3.3 with /3 -4 (J, a -4 cpo In the notation of 
angles we have 

Writing (3.6.46) as 
In) = L m)(/, mlZ), 

/ m 

we see that 10), when expanded in terms of II, m), contains all PUSSlUlIIl 

I-values. However, when this equation is multiplied by (I, m'l on the 
only one term in the I-sum contributes, namely, 

(I, m'lo) = a = cp, /3 = (J, y = 0)(/, mlZ). 
m 

Now (I, mli) is just a number; in fact, it is precisely y/m*( (J, cp) evaluated 
(J = 0 with cp undetermined. At (J = 0, lim is known to vanish for m =F 
which can also be seen directly from the fact that IZ) is an eigenket of 
(which equals XPy - YPx) with eigenvalue zero. So we can write 

(I, mlZ) = y/m*( (J = 0, cp undetermined) SmO 

Vf(2i+1)1= p/(cos(J) coso=/mo 

= f(2i+1) S> 

Returning to (3.6.49), we have 

m'*( ) _ f(2i+1) (I) (_ _ _y/ (J,cp -V a-cp,/3-(J,y-O) (3.6.51) 

or 

. ym*((J,cp)1 . (3.6.52)pg!;/J(a,/3,y=O)= V(2/+1) / O=/J,</>=a 

Notice the m = 0 case, which is of particular importance: 

= Plcos e). (3.6.53) 

3.7. ADDITION OF ANGULAR MOMENTA 

Angular-momentum addition has important applications in all areas of 
modern physics- from atomic spectroscopy to nuclear and particle colli-
.ions. Furthermore, a study of angular-momentum addition provides an 
excellent opportunity to illustrate the concept of change of basis, which we 
discussed extensively in Chapter 1. 

Simple Examples of Angular-Momentum Addition 

Before studying a formal theory of angular-momentum addition, it is 
worth looking at two simple examples with which the reader may be 
fllmiliar: (1) how to add orbital angular momentum and spin-angular 
momentum and (2) how to add the spin-angular momenta of two spin 1 
pllrticles. 

Previously we studied both spin 1 systems with all quantum-mecha-
nical degrees 0f freedom other than spin-such as position and momentum 

ignored and quantum-mechanical particles with the space degrees of 
. freedom (such as position or momentum) taken into account but the 
Internal degrees of freedom (such as spin) ignored. A realistic description of 
II particle with spin must of course take into account both the space degree 
of freedom and the internal degrees of freedom. The base ket for a spin! 
particle may be visualized to be in the direct-product space of the infinite-
Llimensional ket space spanned by the position eigenkets {Ix')} and the 
Iwo-dimensional spin space spanned by 1+) and 1-). Explicitly, we have 
for the base ket 

lx', ±) = Ix') ®I±), (3.7.1) 

whcre any operator in the space spanned by {Ix')} commutes with any 
llJ'lcrator in the two-dimensional space spanned by I ± ). 
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The rotation operator still takes the form exp( - iJ . it</>/ n) but 
generator of rotations, is now made up of two parts, namely, 

J=L+S. 
It is actually more obvious to write (3.7.2) as 

J = L®l+ l®S, 
where the 1 in L ® 1 stands for the identity operator in the spin space, 
the 1 in 1 ® S stands for the identity operator in the infinite-dimensi 
space spanned by the position eigenkets. Because Land S commute, we 
write 

P)(R) = p)(orb)(R)®p)(spin)(R) 

_ (-iL.it</» (-is.it</>)- exp n ® exp n . 
The wave function for a particle with spin is written as 

(x', ± la) = 1/J ± (x'). 
The two components 1/J ± are often arranged in column matrix 
follows: 

1/J+(X')), 
( 1/J- (x') 

where 11/J ± (x')1 2 stands for the probability density for the particle to 
found at x' with spin up and down, respectively. Instead of Ix') as the 
kets for the space part, we may use In, I, m), which are eigenkets of L2 
Lz with eigenvalues n2/(l + 1) and min, respectively. For the spin part, I 
are eigenkets of S2 and Sz with eigenvalues 3n 2/4 and ± n/2, respecti 
However, as we will show later, we can also use base kets which 
eigenkets of J2, fz' L2, and S2. In other words, we can expand a state ket 
a particle with spin in terms of simultaneous eigenkets of L2, S2, L z , and 
or in terms of simultaneous eigenkets of J2, fz' L2, and S2. We will study 
detail how the two descriptions are related. 

As a second example, we study two spin t particles-say 
electrons-with the orbital degree of freedom suppressed. The total 
operator is usually written as 

S = Sl +S2' 
but again it is to be understood as 

Sl®l + 1 ®S2' 
where the 1 in the first (second) term stands for the identity operator in the 
spin space of electron 2 (1). We, of course, have 

[SIx' S2Y] = 0 
and so forth. Within the space of electron 1 (2) we have the usual 

, Addition of Angular Momenta 

utation relations 

[ SIx, SlY] = inSlz , [S2x, S2y] = inS2z , .... (3.7.10) 

1\ direct consequence of (3.7.9) and (3.7.10), we have 

[Sx, Sy] = inSz (3.7.11) 

NO on for the total spin operator. 
The eigenvalues of the various spin operators are denoted as follows: 

S2 = (Sl + S2)2: s(s + 1)n 2 

S=S +S2z lz z :mn 

Slz : mIn 
(3.7.12) 

S2z : m 2n 

.n, we can expand the ket corresponding to an arbitrary spin state of 
dectrons in terms of either the eigenkets of S2 and Sz or the eigenkets 

It ."1: and S2z' The two possibilities are as follows: 

1.  The {ml' m 2} representation based on the eigenkets of Slz and 
S2z: 

1+ + ), 1+ - ), 1- + ), and 1- - ), (3.7.13) 
where 1+ -) stands for ml = t, m 2 = - t, and so forth. 

2.  The {s, m} representation (or the triplet-singlet representation) 
based on the eigenkets of S2 and Sz: 

Is=l,m=± l,O),ls=O,m=O), (3.7.14) 
where s = 1 (s = 0) is referred to as spin triplet (spin singlet). 

Notice that in each set there are four base kets. The relationship 
h('tween the two sets of base kets is as follows: 

Is = 1, m = 1) = 1+ + ), (3.7.1Sa) 

Is = 1, m = 0) = ( ) (I + - ) + 1- + ) ), (3.7.1Sb) 

Is = 1, m = - 1) = 1- - ),  (3.7.1Sc) 

)(1+-)'--1-+»). (3.7.1Sd) 

The right-hand side of (3.7.1Sa) tells us that we have both electrons with 
Npin up; this situation can correspond only to s = 1, m = 1. We can obtain 
(J.7.ISb) from (3.7.1Sa) by applying the ladder operator 

S_=Sl_+S2_ 

= (SlX- iSly)+(S2x- iS2y) (3.7.16) 
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o both sides of (3.7.15a). In doing so we must remember that an 
)perator like SI affects just the first entry of 1+ +), and so on. We 
¥rite 

S_ls=l,m 1)=(Sl_+S2)1++) 

lS 

V(l+l)(l I-tl)ls=l,m xI +) 

),+ 

hich immediately leads to (3.7.15b). Likewise, we can obtain Is == 
n = -I) by applying (3.7.16) once again to (3.7.15b). Finally, we 
)btain (3.7.15d) by requiring it to be orthogonal to the other three kets, 
,articular to (3.7.15b). 

The coefficients that appear on the right-hand side of (3.7.15) are 
:implest example of Clebsch-Gordan coefficients to be discussed further at 
ater time. They are simply the elements of the transformation matrix 
:onnects the {m l' m 2} basis to the {s, m} basis. It is instructive to 
hese coefficients in another way. Suppose we write the 4 X 4 matrix 
:ponding to 

S2 S2+S2+2S.SI 2 I 2 

Sf +s} + 2SlzS2z + Sli S2 + SI- S2+ 
sing the (mI' m z) basis. The square matrix is obviously not Ulagomu 
ecause an operator like Sl+ connects 1- +) with 1+ +). The 

natrix that diagonalizes this matrix carries the Im l , m 2) base kets into 
, m) base kets. The elements of this unitary matrix are precisely 
lebsch-Gordan coefficients for this problem. The reader is encouraged to 
ork out all this in detail. 

Formal Theory of Angular-Momentum Addition 

Having gained some physical insight by considering simple examples, 
e are now in a position to study more systematically the formal theory of 
ngular-momentum addition. Consider two angular-momentum operators J I 
nd J2 in different subspaces. The components of J I(J2) satisfy the usual 

mgular-momentum commutation relations: 

{JIi , JIj ] = ihcijkJIk 

nd 
J2i , 

we have °[ J1k , J21 ] = (3.7.21) 
ween any pair of operators from different subspaces. 

The infinitesimal rotation operator that affects both subspace 1 and 
luhspace 2 is written as 

(1 iJ\' fi8<l» ® (1 iJ2 ·n8<1» =1 i(J1®1+1®J2)'n8<1> 
. h h h 

(3.7.22) 
We define the total angular momentum by 

J=J1®1+1®J2 , (3.7.23) 
which is more commonly written as 

J J 1 +J2. .7.24) 
The finite-angle version of (3.7.22) is 

exp( - )®exp(-----:=--- (3.7.25) 

Notice the appearance of the same axis of rotation and the same angle of 
rotation. 

It is very important to note that the total J satisfies the angular-
lIlomentum commutation relations 

{1;, = ihcijkJk (3.7.26) 

liN a direct consequence of (3.7.20) and (3.7.21). In other words, J is an 
momentum in the sense of Section 3.1. Physically this is reasonable 

flecause J is the generator for the entire system. Everything we learned in 
Section 3.5-for example, the eigenvalue spectrum of J2 and Jz and the 
matrix elements of the ladder operators-also holds for the total J. 

As for the choice of base kets we have two options. 
Option A: Simultaneous eigenkets of Jl, J{, JIz ' and denoted 

fly IJIJ2; mIm2 ). Obviously the four operators commute with each other. 
The defining equations are 

J?IJIJ2; mIm2 ) JIUI + 1)h2IJIJ2; mIm2), (3.7.27a) 
JIz IJIJ2; mIm2 ) = m 1hIJIJ2; mIm2 ), (3.7.27b) 

JiIJIJ2; m1m2 ) = J2U2 + 1)h2UIJ2; m1m2), (3.7.27c) 

J2z IJIJ2; m1m 2) = m2hIJIJ2; mlm2)' (3.7.27d) 
Option B: Simultaneous eigenkets of J2, J I2, Jf, and First, note 

that this set of operators mutually commute. In particular, we have 

=0, (3.7.28) 

http:exp(-----:=---(3.7.25
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which can readily be seen by writing J2 as 

.I2 = JI
Z+J1 +2112 J22 + JI l z + 11_ JH . (3.7.29) 

We use 1)1' to denote the base kets of option B: 

J l zl)I)2; )m) = )I(jl + 1) 1121)1)2; (3 

.Jll)l)2; )m) = )2 (j2 + 1)11 21J1)2; )m), (3.7.30b) 

;)m), {3.7.30c} 

)m).  (3.7.30d))m) 

Quite often 12 are understood, and the base kets are written simply as 
m). 

It is very important to note that even though 

[.J 2 ,Jzl 0,  (3.7.31) 

we have 

[.1 2 
, Jlzl "" 0, [.J 2 ,1}2] 0, (3.7.32) 

as the reader may easily verify using (3.7.29). This means that we cannot 
add J 2 to the set of operators of option A. Likewise, we cannot add 1];: 
and/or to the set of operators of option B. We have two possible sets of 
base kets corresponding to the two maximal sets of mutually compatible 
observables we have constructed. 

Let us consider the unitary transformation in the sense of Section 
1.5 that connects the two bases: 

)m)= L , m l m 2)Ul)Z; mlmzl)l)}; )m), (3.7.33) 
ml m2 

where we have used 

L LIJI)z; m 1m 2 )UI12; m 1m 21 1 (3.7.34) 
1'1'11 m2 

and where the right-hand side is the identity operator in the ket space 
of given )] and The elements of this transformation matrix 
U l)2; m 1m 21)112; Jm) are Clebsch-Gordan coefficients. 

There are many important properties of CIebsch-Gordan coefficients 
that we are now ready to study. First, the coefficients vanish unless 

m=m l +m 2 •  (3.7.35) 

To prove this, first note that 

(lz lIZ 12z ) . Jm) O. (3.7.36) 

Multiplying m l m 2 1 on the we obtain 

(m m l - m 2 ; m 1m 21J1J2; 0, (3.7.37) 
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which proves our assertion. Admire the power of the Dirac notation! It 
really pays to write the Clehsch-Gordan coefficients in Dirac's bracket form, 
as we have done. 

Second, the coefficients vanish unless 

IJI - Jzl ) )1 + )2' (3.7.38) 
This property may appear obvious from the vector model of angular-
momentum addition, where we visualize J to be the vectorial sum of JI and 
.I,. However, it is worth checking this point by showing that if (3.7.38) 
holds, then the dimensionality of the space spanned by {lJli2; m l m 2 )} is 
Ihe same as that of the space spanned by {UI)2; im)}. For the (ml,m 1 ) 

way of counting we obtain 
N= +1)(2i2 + 1) (3.7.39) 

hecause for given JI there are 2il + 1 possible values of ml; a similar 
slatement is true for the other angular momentum J2' As for the (j, m) way 
or counting, we note that for each i, there are 2) + 1 states, and according 
It) (3.7.38), i itself runs from)1 i} to il + )2' where we have assumed, 
without loss of generality, that iI 2': We therefore obtain 

jj+h  

N= L (2i+ 1)  
- 12 

H{2(ji - iz} + I} + {2(j1 + iz)+ I} ](2)2 + 
+1)(2i2 + 1). (3.7.40) 

Ikcause both ways of counting give the same N-value, we see that (3.7.38) is 
quite consistent. * 

The Clebsch-Gordan coefficients form a unitary matrix. Further-
more, the matrix elements are taken to be real by convention. An immediate 
consequence of this is that the inverse coefficient (iti2; Jmlil)2; m lm 2) is 
Ihe  same as UI m}m zlil)Z; im) itself. A real unitary matrix is orthogo-

so we have the orthogonality condition 

LL( ; m I m 2 1)IJ2; ; )m) = 8", ""8,,,1 2 m"1 2 
i m 

(3.7.41) 

which is obvious from the orthonormality of {IJI)2; m I m 2 )} together with 
he reality of the Clebsch-Gordan coefficients. Likewise, we also have 

L L UIi2; m jm 2lilJ2; )m)OjJ2; m l m 2IJI)1; J'm') = 8ji ,8mm,· 
nl1 m2 

(3.7.42) 

'A l:ompletc proof of (3.7.38) is given in Gottfried 1966,215, and also in Appendix B of this 
hllok. 



210 211 Theory of Angular 

yl<OU>S\,;IJ 

sometimes 

). 

(3.7 

and 

IVlOmentll 

As a special case of this we may set j'= J, m'= m = m + m2. We  
obtain i  

L LI<J[J2; mIm2liIJ2; Jm)1 2 =1, 
"'1 "'2 

which is just the normalization condition for IJIJ2; Jm). 
Some authors use somewhat different notations for the  

Gordan coefficients. Instead of <Jti2; mIm 2 IJIJ2; Jm) we  
(JI mIi2m2IiIJ2Jm), c(JIJ2J; m1m2m), Slh(jm; mIm2), and so on.  
can also be written in terms of Wigner's 3- j symbol, which is occasiunalll  
found in the literature:  

<JIJ2;m1m2 iJIJ2;Jm)=(-1)Jl-h m/2i +1 { JIJ2J 
\ mIm2 m 

Recursion Relations for the Oebsch-Gordan Coefficients* 

With iI' i2, and J fixed, the coefficients with different m  
are related to each other by recursion relations. We start with i  

J:+ IJIJ2; im) (Jl± + J2 ± )L L . m1m2 )(Jt12; mIm 2 IiIJ2; im). 
mzm1 

Using (3.5.39) and (3.5.40) we obtain (with m1 m
2 

-'> m;) 

IJIi2; J, m ± 

L L (lUI + mi)(J1 ± +1) IJ)i2; m1± 1, m;) 
n1i m2 

+ /(J2 +m;)(J2 ± m; + 1) IJIJ2; mi, m; ± 1») 
X (Jd2; mim;UIJ2; im). 

Our next step is to multiply by (Jd2; ml m2 1 on the left and use orthonor-
mality, which means that nonvanishing contributions from the right-hand 
side are possible only with 

ml m1±1, m2 m; 
for the first term and 

m 1 = mi, m2=m;± 1 

"More-detailed discussion of Clebsch-Gordan and Racah coefficients. recoupling, and the 
like is given in A R. Edmonds 1960, for instance. 
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for the second term. In this manner we obtain the desired recursion 
relations: 

J(j + m)(j ± m + 1) (Jdz; m1m2 1i1J2; i, m ±1) 

= JUI + ml + 1)U} ± ml ) <Jli2; ml +1, m2lili2; Jm) 

+ JU2 + m 2 + 1)U2 ± m2) (JIJ2; ml' m2 +llid2; Jm). 
(3.7.49) 

It is important to note that because the J ± operators have shifted the 
m-values, the nonvanishing condition (3.7.35) for the Clebsch-Gordan 
coefficients has now become [when applied to (3.7.49)] 

m l +m2 m± l. (3.7.50) 

We can appreciate the significance of the recursion relations by 
looking at (3.7.49) in an m1m 2-plane. The 1:+ recursion relation (upper sign) 
tells us that the coefficient at (m}, m 2 ) is related to the coefficients at 
(m} 1, m 2) and (m}, m2 -1), as shown in Figure 3.5a. Likewise, the 1. 
recursion relation (lower sign) relates the three coefficients whose m l , m2 

values are given in Figure 3.5b. 
Recursion relations (3.7.49), together with normalization condition 

(3.7.43), almost uniquely determine all Clebsch-Gordan coefficients. (We say 
"almost uniquely" because certain sign conventions have yet to be specified.) 
Our strategy is as follows. We go back to the ml m 2-plane, again for fixed 

i2' and i, and plot the boundary of the allowed region determined by 

Im}1 ::::; it, Im21::::; j2, m} + m2 ::::; j; (3.7.51) 

see Figure 3.6a. We may start with the upper right-hand corner, denoted by 
A. Because we work near A at the start, a more detailed" map" is in order; 

(ml-1.m2) LHS (m"m2+1) 
(m1.fn2) " RHSRHS " I I', , I I , 

" J+ I I ' , I I " 
" I I ' , I I J- " 

, , I I " RHS 
LHS ... " (m,.fn2-1)RHS (ml,m2) (ml+1.m2) 

(a) J+ relation (b) J- relation 
.'IGURE 3.5. mj m2-plane showing, the Clebsch-Gordan coefficients related by the recursion 
relations (3.7.49). 
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see Figure 3.6b. We apply the J _ recursion relation (3.7.49) (lower  
with (mI' m 2 +1) corresponding to A. Observe now  
relation connects A with only B because the site corresponding to  
1, m 2 ) is forbidden by mI::S; il' As a result, we can obtain the  
Gordan coefficient of B in terms of the coefficient of A. Next, we form a  
triangle made up of A, B, and D. This enables us to obtain the  
of D once the coefficient of A is specified. We can continue in this  
Knowing Band D, we can get to E; knowing Band E we can get  
and so on. With enough patience we can obtain the  
coefficient of every site in terms of the coefficient of starting site, A.  
overall normalization we use (3.7.43). The final overall sign is fixed  
convention. (See the following example.)  

As an important practical example we  
adding the orbital and spin-angular momenta of a single spin t particle.  
have  

il = I (integer), m i =m" 
. 1h = S = 2, m2=ms=± t. 

The allowed values of i are given by 

i=I± t, 1>0; i=t, 1=0 

So for each I there are two possible i-values; for example, for 1=1 (p  
we get, in spectroscopic notation, P3/2 and PI/2' where the subscript  
to i. The mI m 2-plane, or better the m,ms-plane, of this problem is  
larly simple. The allowed sites form only two rows: the upper row for ms s  

and the lower row for ms = - t; see Figure 3.7. Specifically, we work  

m2=j2 

m2=jI  
I  

AI • D t<----".AI  
I  I", J+ I 

m,=-j, m,=j, I "I----- +----- l J- ','I • E I I, , J+I  
I  l " m,+m2=-j I J- ','• F 

m2=-h 

(a) 
FIGURE 3.6. Use of the recursion relations to obtain the Clebsch-Gordan coeflkients, 

that the 

consider the problem 

" 
, I 

I J- " 

I 
I 
I 

(b) 

" 

I 2), 
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x X X 
s 

m I'" , I', "-" I',
I J- , I J- , I J- , 

.. m,... -
IRE 3.7. Recursion relations used to obtain the Clebsch-Gordan coefficients for 1/ =, 

I,-, =s =,. 

Ihe case i = I + t. Because m s cannot exceed t, we can use the J _ recursion 
In NliCh a way that we always stay in the upper row (m2 = ms = t), while the 
", rvalue changes by one unit each time we consider a new J _ triangle. 
luppressing il = I, i2 = t in writing the Clebsch-Gordan coefficients, we 
"hlain from (3.7.49) (lower sign) 

v(t+t+m+l)(t+t-m)(m-t,tIl+t,m) 

= V ( I+ m + t) ( I - m + t) (m + t, til + t, m +1) , (3.7.54) 

where we have used 
mI=m,=m-t, m2=ms=t. (3.7.55) 

III this way we can move horizontally by one unit: 

I+m+t / 1 11 1 ) (3.7.56)(In - II + = \m+ 2 '2 / +2,m+l . 

We can in turn express (m + t, til + t, m +1) in terms of (m + t til + t, m 
and so forth. Clearly, this procedure can be continued until m, 

reaches I, the maximum possible value: 

(m-.!. .!.I/+.!. m)= 1+ m + / 3 1 I' 1 ) 
2' 2 2' I+m+i \m+ 2 '2 / +2,m+2 

I+m+i 

x ( m + %, II + , m + 3 ) 

I+ m + t ( I, II + + ). (3.7.57) 



•• J ..... 

1_ t. So 1m, 

l
, m 

(3.7.63) 

""",u!:ula.r MOmf!ftr. 

Consider the angular-momentum configuration in which m, and  
are both maximal, that is, 1and t, respectively. The total m= m, + ms  
+ 12 which is possible only for j =1+ t and not for j = ' . 1  
m = t) must be equal to 11 = 1+ 2, m 1+ -1) up to a phase factor.  
take this phase factor to be real and positive by convention. With this  
we have 

(I,W+t,I+t)=L 
Returning to (3.7.57), we finally obtain 

1 11 1 ) {!-+m+t ( m-2"2'[+2',m =21+1 

But this is only about one-fourth of the story. We must still  
termine the value of the question marks that appear in the following:  

1) /1+m+-11 . 1 1)j = 1+ 2' ' m = 21 +1 m1= m - 2" ms = 2'I  
+?\ml=m+},ms =-}), 

k I-t·m) +,-m-i.m,-t)+?im,-m+t.m,--i). 
We note that the transformation matrix with fixed m from the (m
basis to the (j, m) basis is, because of orthogonality, expected to have the 
form 

COSa Sina)( sina Cosa' 

Comparison with (3.7.60) shows that COsa is (3.7.59) itself; 
readily determine sina up to a sign ambiguity: 

sin2a =1 (t + m + t) = (I - m :J) 
(21+1) (21+1) 

We claim that (ml = m + t, ms = = 1+ 1, m) must be positive because 
all j = [ + t states are reachable by applying the J _ operator successively to 
U = 1+ !. m = 1+ t), and the matrix elements of J" are always positive by 
convention. So the 2x2 transformation matrix (3.7.61) can be only 

I/I+m+l 
21 +1 

!I-m +1-- 1 2  

1.7. AdllitiOil or Ansulur MOOlcntu 

We define spin-angular functions in two-component form as fonows: 

r1jfJ-I±1/2.m = ± Ii ± m + t ym-l/2(0 .f.)x
I '" 1 I l ' ' 't' +  

I I+m+ t ym+l/2(0 )+ , 2t +1 I ,</> x-
l (± /I± m+tYim-l/2(0,</»1 

(3.7.64),-----:-Yim + 1/ 2( 0, </» J. 
They are, by construction, simultaneous eigenfunctions of L2, S2, J2, and 
.I,. They are also eigenfunctions of L'S but L'S, being just 

L·S (t)(J 2 -L2-S2), (3.7.65) 
is not independent. Indeed, its eigenvalue can easily be computed as 
follows: 

tll2 
for j = 1+ L 

( 112 ) [ 
2 j(j + 1(I+1)-!]= _(1+.1)112{ for j 1- t. 

(3.7.66) 

Oebsch-Gordan Coefficients and Rotation Matrices 

Angular-momentum addition may be discussed from the point of 
view of rotation matrices. Consider the rotation operator EJ{Jt)( R) in the ket 
space spanned by the angular-momentum eigenkets with eigenvalue 
Likewise, consider EJ{h)(R). The product EJ(Jt)®EJ(h) is reducible in the 
sense that after suitable choice of base kets, its matrix representation can 
take the fonowing form: 

oI I  
r-i---..., 

(h+j2-1)  
EJ  

1 2,+i.-2l l 
'" .... 

.......-----.  
(Ih -j21) 

EJo 
(3.7.67)  
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import""' 

11' i2 .... ; 

(3.7.72) 

JVlOmelllij 

In the notation of group theory this is written as 

!!2 (Jil®!!2 (h) = !!2(J, +h)(B!!2(J, +h- 1)(B ... (B!!2(ij,-hll. 

In terms of the elements of rotation matrices, we have an 
expansion known as the Clebsch-Gordan series: 

!!2(Jil ,(R)!!2(h) ,(R) = L L L<i1i2; m1m21i1i2; im)mImI m2m2 

j m m' 

( .. "I .. . ') fiA (J) (R)X hh; m 1m 2 hh; Jm ::LImm, , 
where the i-sum runs from iiI - i21 to i1 + i2' The proof of this eq 
follows. First, note that the left-hand side of (3.7.69) is the same as 

<i1i2; m1m 21!!2(R)1i1i2; mim;) = <i1m11!!2(R)1i1mi)<i2 m21!!2(R)li2 m 

= !!2(J,) ,( R)!!2(h), (R).
mlml m2 m 2  

But the same matrix element is also computable by inserting a complete 
of states in the (j, m) basis. Thus 

<i1i2; m1m21!!2(R)li1i2; mim;)  

= L L L L<i1i2; m1m21i1i2; im)<i1i2; iml!!2(R)li1i2; i'm')  
j m jf m' 

X <i1i2; i'm'li1i2; mim;) 

= L L L L <i1i2; m1m21i1i2; im )!!2Yl,(R)8j j'  
j m j' m'  

X <i1i2; mim;li1i2; i'm'), 

which is just the right-hand side of (3.7.69). 
As an interesting application of (3.7.69), we derive an 

formula for an integral involving three spherical harmonics. First, recall 
connection between !!2!;/J and l/m* given by (3.6.52). Letting i1 
12 , mi 0, m; 0 (hence m' 0) in (3.7.69), we obtain, after 
conjugation, 

V(2/1+ 1)(2/2 +1) 
4'1T' LL(/1/2; m1m21/1/2; I'm')  

I' m' 

X(/1/2;001/1 /2;1'0)V 4'17 l/,:,'(e,cp).
2/'+ 1  

We multiply both sides by l/m*(e,cp) and integrate over solid angles. The 
summations drop out because of the orthogonality of spherical harmonics, 

tH. Schwinger's Oscillator Model of Angular Momentum 

Ind we are left with 

fdn l/m*( e, cp) e, cp )l/:'( e, cp) 

'(211+1)(2/2 +1) 
(/112;0011112; 10)(/1/2; m1m 21/1/2; 1m). 4'17 (21 +1) 

(3.7.73) 
The square root factor times the first Clebsch-Gordan coefficient is indepen-
dent of orientations; that is, of and m 2 • The second Clebsch-Gordan m1 
uoclncient is the one appropriate for adding 11 and 12 to obtain total I. 
Equation (3.7.73) turns out to be a special case of the Wigner-Eckart 
theorem to be derived in Section 3.10. This formula is extremely useful in 
,valuating multipole matrix elements in atomic and nuclear 

 SCHWINGER'S OSCILLATOR MODEL OF 
ANGULAR MOMENTUM 

Angular Momentum and Uncoupled Oscillators 

There exists a very interesting connection between the algebra of 
IIngular momentum and the algebra of two independent (that is, uncoupled) 
IINcillators, which was worked out in J. Schwinger's notes [see Quantum 
Theory of Angular Momentum, edited by L. C. Biedenharn and H. Van 
Dum, Academic Press (1965), p. 229]. Let us consider two simple harmonic 
oscillators, which we call the plus type and the minus type. We have the 
IlI1nihilation and creation operators, denoted by a+ and for the plus-type 
oNcillator; likewise, we have a_ and for the minus-type oscillators. We 
ulso define the number operators N + and N _ as follows: 

N _ == (3.8.1) 
We assume that the usual commutation relations among a, at, and N hold 
for oscillators of the same type (see Section 2.3). 

(3.8.2a) 

[N+,a+]=-a+, [N_,a_]=-a_, (3.8.2b) 

=aL (3.8.2c) 
Ilowever, we assume that any pair of operators between different oscillators 

[a  at]=[a at]=O (3.8.3)+, - -, + 

IIlld so forth. So it is in this sense that we say the two oscillators are 
ullcoupled. 
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Because N + and N _ commute by virtue of (3.8.3), we can build 
simultaneous eigenkets of N + and N _ with eigenvalues n + and 
respectively. So we have the following eigenvalue equations for N ±: 

In+,n_)=n+ln+,n), )=n_ln ,n ). (3.8 
In complete analogy with (2.3.16) and (2.3.17), the creation and 
operators, at±  and a± , acl on In+,n_) as follows: 

a:ln+,n.) vn++1In++1,n), a!Jn+,n_)={n.+1In+,n-
(3.8 

a In+,n_)=rn--In+,na+ln+,n_)={n-:-In+ I,n_), 

We can obtain the most general eigenkets of N + and 
and at. successively to the vacuum ket defined by 

a+ 10,0) = 0, a 0) 0. 

In this way we obtain 
t ) n..((at.. r+ a_ 10 ,0). 

n) In+!Jn_! 

Next, we define 

I+ hat, a I hat a+, 

and 

(%)(N+ N). 

We can readily prove that these operators satisfy the angular-momenlW 
commutation relations of the usual form 

[Jz, I ± ] ± hI±' 

[I +,1 _] = 2hlz • 

For example, we prove (3.8.9b) as follows:  

h2[ ttl h2 t t h2 t t a+a.,a.a+ a+a.a.a 4 a.a+a+a 
2 t ( t2 t ( I = h a,. a .. a-- + 

= 2Mz • 

Defining the total N to be  

N= +N a\a 4+a1 a,  

." Schwinger's Oscillator Model of Angular Momentum 

J2 I} + + I + I_I+) 
2 

= ( h ) N( +1), (3.8.12) 

which is left as an exercise. 
What are the physical interpretations of all this? We associate spin 

..r (m = t) with one quantum unit of the plus-type oscillator and spin down 
(It! - n with one quantum unit of the minus-type oscillator. If you like, 

may imagine one spin ! "particle" with spin up (down) with each 
_illinium unit of the plus- (minus-) type oscillator. The eigenvalues nand 
" lire just the number of spins up and spins down, respectively. The 
ftlt'llIling of I + is that it destroys one unit of spin down with the z-compo-
n'lIt of spin-angular momentum - h /2 and creates one unit of spin up with 
'lie z-component of spin-angular momentum + h/2; the z-component of 
a"gular momentum is therefore increased by h. Likewise I_destroys one 
\lnit of spin up and creates one unit of spin down; the z-component of 
Illl!lular momentum is therefore decreased by h. As for the I operator, it z 
.Imply counts h/2 times the difference of n+ and n., just the z-component 
.Of thc total angular momentum. With (3.8.5) at our disposal we can easily 
'"nmine how I J:: and Iz act on In+, n_) as follows: 

In+,n.) In_(n++I)hln++I,n. 1), 
(3.8.l3a) 

.I In+,n __ +I)hln+ I,n_+ 
(3.8.l3b) 

.I"ln+, n_) (%)( -N_)ln+,n_) )hln+,n_). 

(3.8.l3c) 
Nlllil:c that in all these operations, the sum n+ + n_, which corresponds to 
Iht' total number of spin t particles remains unchanged. 

Observe now that (3.8.l3a), (3.8.l3b), and (3.8.l3c) reduce to the 
IUllliJiar expressions for the I ± and I operators we derived in Section 3.5,z 
PI'! Ivided we substitute 

n+ -+ j + m, n_ -+ j - m. (3.8.14) 

'l'hl:' square root factors in (3.8.l3a) and (3.8.l3b) change to 

In_{n++I) -+V(j-m)(j+m+I), 

/n+(n_+I} -+V(j+m)(j-m+I) , (3.8.15) 

which are exactly the square root fadors appearing in (3.5.39) and (3.5.41). 

http:a+a.a.a4
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Notice also that the eigenvalue of the J2 operator defined by (3.8. 
changes as follows: 

112 
++n )[ j+2 

All this may not be too surprising because we have already 
that J ± and J2 operators we constructed out of the oscillator operatn, 
satisfy the usual angular-momentum commutation relations. But it is 
structive to see in an explicit manner the connection between the OSCil1<tlVII 

matrix elements and angular-momentum matrix elements. In any case, it 
now natural to use 

. (n+f-n) 
m]"= 2 

in place of n + and n to characterize simultaneous eigenkets of J2 and J:. 
According to (3.8.13a) the action of J+ changes n+ into n+ +1, n into 
n _ -1, which means that j is unchanged and m goes into m +1. Likewise,. 
we see that the J _ operator that changes n + into n + 1; n _ into n _ +1, 
lowers m by one unit without changing j. We can now write as (3.8.7) for 
the most general N +' N _ eigenket 

Ij,m) 

where we have used 10) for the vacuum ket, earlier denoted by 10,0). 
A special case of (3.8.18) is of interest. Let us set m = j, which 

physically means that the eigenvalue of Jz is as large as possible for a given 
j. We have 

(3.8.19) 

We can imagine this state to be built up of 2 j spin ! particles with their 
spins all pointing in the positive z-direction. 

In general, we note that a complicated object of high j can be 
visualized as being made up of primitive spin ! particles, j + m of them 
with spin up and the remaining j m of them with spin down. This picture 
is extremely convenient even though we obviously cannot always regard an 
object of angular momentum j literally as a composite system of spin! 
particles. All we are saying is that, as far as the transformation properties 
under rotations are concerned, we can visualize any object of angular 
momentum j as a composite system of 2 j spin t particles formed in the 
manner indicated by (3.8.18). 

J.R. Schwinger'S Oscillator Model of Angular Momentum 

From the point of view of angular-momentum addition developed in 
the previous section, we can add the spins of 2 j spin ! particles to obtain 
states with angular momentum j, j 1, j 2, .... As a simple example, we 
can add the spin-angular momenta of two spin 1particles to obtain a total 
angular momentum of zero as well as one. In Schwinger'S oscillator scheme, 
however, we obtain only states with angular momentum j when we start 
with 2 j spin t particles. In the language of permutation symmetry to be 
developed in Chapter 6, only totally symmetrical states are constructed by 
this method. The primitive spin t particles appearing here are actually 
hosons! This method is quite adequate if our purpose is to examine the 
properties under rotations of states characterized by j and m without asking 
how such states are built up initially . 

The reader who is familiar with isospin in nuclear and particle 
physics may note that what we are doing here provides a new insight into 
the isospin (or isotopic spin) formalism. The operator J + that destroys one 
unit of the minus type and creates one unit of the plus type is completely 
analogous to the isospin ladder operator (sometimes denoted by 1+) 
that annihilates a neutron (isospin down) and creates a proton (isospin up), 
thus raising the z-component of isospin by one unit. In contrast, Jt is 
analogous to which simply counts the difference between the number of 
protons and neutrons in nuclei. 

Explicit Formula for Rotation Matrices 

Schwinger's scheme can be used to derive, in a very simple way, a 
closed formula for rotation matrices, first obtained by E. P. Wigner using a 
similar (but not identical) method. We apply the rotation operator to 

m), written as (3.8.18). In the Euler angle notation the only nontrivial 
rotation is the second one about the y-axis, so we direct our attention to 

f?J(a,/3, - (3.8.20) 

We have 

fj}(R) ) 

m) (3.8.21) 

Now, f?J(R) acting on 10) just reproduces 10) because, by virtue of (3.8.6), 
only the leading term, 1, in the expansion of exponential (3.8.20) contrib-
utes. So 

) (iJ/3)( R ) ( R ) exp ( - a exp --t- . (3.8.22) 
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Thus we may use formula (2.3.47). Letting 
-J 

G -+ -T' A -+ (3  (3.8.23) 

in (2.3.47), we realize that we must look at various commutators, namely, 

]_(l.)[ t i']_(l.) tIi' - 2i a a+, a+ - 2i a_, 

- J [-

[ 
-J

J 

y 

]1 [- J at 1  (3 
.8.24 ) 

[ T' = T' 2; 
and so forth. Clearly, we always obtain either or Collecting terms, 
we get 

PJ-l( R) = at cos( + (3.:8.25) 

Likewise, 
PJ( R PJ-l( R) cos( - sin ( ). (3.8.26) 

Actually this result is not surprising. After all, the basic spin-up state is 
supposed to transform as 

(3.8.27) 

under a rotation about the y-axis. Substituting (3.8.25) and (3.8.26) into 
(3.8.21) and recalling the binomial theorem 

N'xN-kyk (3.8.28)( x + y) N = k }!k! ' 

we obtain (j+m}!(j-m)!  

(j+m-k)!k!(j-m I)!ll  

[at cos( (3/2)] J + m - k [ at sin( (3/2)] k 
X  + 

..j(j + m}!(j - m)! 

x [-

(3.8.29) 

We may compare (3.8.29) with 
PJ( a = 0, (3, y = O)lj, m) =  .Elj,  

m'  

(a\)J+m'(a t y m'IO). 
m' J(j + m')!(j - m')! 

,'" n  ,,1"\\ 

3.9, Spin Correlation Measurements and Bell's Inequality 

We can obtain an explicit form for by equating the coefficients of 
powers of at in (3.8.29) and (3.8.30), Specifically, we want to compare 
raised to j + m' in (3.8.30) with at raised to 2j - k -I, so we identify 

1= j  - k m', (3.8.31) 
We are seeking dm'm({3) with m' fixed, The k-sum and the I-sum in (3.8.29) 
are not independent of each other; we eliminate 1 in favor of k by taking 
advantage of (3.8.31). As for the powers of we note that at raised to 
j m' in (3.8.30) automatically matches with raised to k + I in (3.8.29) 
when (3.8.31) is imposed. The last step is to identify the exponents of 
cos({3/2), sin({3/2), and ( 1), which are, respectively, 

j+m-k+l 2j-2k+m m', (3.8.32a) 

k + j - m -/ 2k - m + m', (3.8.32b) 

j-m I=k-m+m',  (3.8.32c) 

where we have used (3.8.31) to eliminate I. In this way we obtain Wigner's 
formula for 

'+  }'(' )'( '+ ')'(' ,)," k +' j m.j-m.j m.j m,(3) = L. ( -1) m m ----------
k (j + m - k )!k!(j k - m')!(k m + m')! 

(3)2J-2k+m m'(' (3)2k m+m' 
X cos- sm- (3.8.33)( 2 2 

where we take the sum over k whenever none of the arguments of factorials 
in the denominator are negative. 

3.9.  SPIN CORRELATION MEASUREMENTS AND 
BELL'S INEQUALITY 

Correlations in Spin-Singlet States 

The simplest example of angular-momentum addition we encoun-
tered in Section 3.7 was concerned with a composite system made up of spin 
1particles. In this section we use such a system to illustrate one of the most 
astonishing consequences of quantum mechanics. 

Consider a two-electron system in a spin-singlet state, that is, with a 
total spin of zero. We have already seen that the state ket can be written as 
[see (3.7.15d)] 

Ispin singlet> = ( ) ( Ii + ; i - > - Ii - ; i + ) ), (3.9.1) 

".,J....a... .a. ""'..", hn'l(r""" ....;fl'lT ;_.-1; .............. A ............. , ......... .......... ! ...... ....... D""......... 11 ... J.... .......  

http:cos-sm-(3.8.33
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Ii + ; i -) means that electron 1 is in the spin-up state and electron 2 is in 
the spin-down state. The same is true for Iz ; z+ ). 

Suppose we make a measurement on the spin component of one of 
the electrons. Clearly, there is a 50-50 chance of getting either up or down 
because the composite system may be in Ii +; z ) or Ii ; i + ) with equal 

But if one of the components is shown to be in the spin-up 
state, the other is necessarily in the spin-down state, and vice versa. When 
the spin component of electron 1 is shown to be up, the measurement 
apparatus has selected the first term, Iz+;z ) of a subsequent 
measurement of the spin component of electron 2 must ascertain that the 
state ket of the composite system is given by li+;2 ). 

It is remarkable that this kind of correlation can persist even if the 
two particles are well separated and have ceased to interact provided that as 
they fly apart, there is no change in their spin states. This is certainly the 
case for a J = 0 system disintegrating spontaneously into two spin 
particles with no relative orbital angular momentum, because angular-
momentum conservation must hold in the disintegration process. An exam-
ple of this would be a rare decay of the 1/ meson (mass 549 MeV/( 2 ) into a 
muon pair 

1/ -> p. + +  (3.9.2) 

which, unfortunately, has a branching ratio of only approximately 6 X 10 6. 

More realistically, in proton-proton scattering at low kinetic energies, the 
Pauli principle to be discussed in Chapter 6 forces the interacting protons to 
be in ISo (orbital angular momentum 0, spin-singlet state), and the spin 
states of the scattered protons must be correlated in the manner indicated 
by (3.9.1) even after they get separated by a macroscopic distance. 

To be more pictorial we consider a system of two spin \ particles 
moving in opposite directions, as in Figure 3.8. Observer A specializes in 
measuring Sz of particle 1 (flying to the right), while observer B specializes 
in measuring Sz of particle 2 (flying to the left). To be specific, let us assume 
that observer A finds Sz to be positive for particle 1. Then he or she can 
predict, even before B performs any measurement, the outcome of B's 
measurement with certainty: B must find S;; to be for particle 2. On 
the other hand, if A makes no measurement, B has a 50-50 chance of getting 
Sz + or Sz-' 

This by itself might not be so peculiar. One may say, "It is just like 
an urn known to contain one black ball and one white ball. When we 
blindly pick one of them, there is a 50-50 chance of black or white. 
But if the first ball we pick is black, then we can predict with certainty that 
the second ball will be white." 

It turns out that this analogy is too simple. The actual quantum-
mechanical situation is far more sophisticated than that! This is because 
observers may choose to measure Sx in place of Sz' The same pair of 

1.9.  Spin Correlation Measurements and Bell's 

I Particle' 0  .1 A Ii 
B It  Particle 1 J 

FIGURE 3.8. Spin correlation in a spm-smgJel state. 

"quantum-mechanical balls" can be analyzed either in terms of black and 
white or in terms of blue and red! 

Recall now that for a single spin ! system the Sx eigenkets and Sz 
cigenkets are related as follows: 

)(IZ+)±IZ-»), iZ±) (1 )(lX+)±IX-». 

(3.9.3) 

Returning now to Our composite system, we can rewrite spin-singlet ket 
n.9.1) by choosing the x-direction as the axis of quantization: 

Ispin singlet> = ( ) ( Ix - ; x + ) Ix + ; x > ) . (3.9.4) 

Apart from the overall sign, which in any case is a matter of convention, we 
could have guessed this form directly from (3.9.1) because spin-singlet states 
have no preferred direction in space. Let us now suppose that observer A 
can choose to measure Sz or Sx of particle 1 by changing the orientation of 
his or her spin analyzer, while observer B always specializes in measuring Sx 
of particle 2. If A determines of particle 1 to be positive, B clearly has a 
50-50 chance for getting Sx + or Sx ; even though of particle 2 is 
known to be negative with certainty, its Sx is completely undetermined. On 
the other hand, let us suppose that A also chooses to measure Sx; if observer 
A determines S, of particle 1 to be positive, then without fail, observer B 
will measure Sx of particle 2 to be negative. Finally, if A chooses to make no 
measurement, B, of course, will have a 50-50 chance of getting + or 
,\', -. To sum up: 

1.  If A measures Sz and B measures there is a completely 
random correlation between the two measurements. 

2.  If A measures Sx and B measures there is a 100% (opposite 
sign) correlation between the two measurements. 

3.  If A makes no measurement, B's measurements show random 
results. 

Tahle 3.1 shows all possible results of such measurements when B and A are 
allowed to choose to measure Sx or Sz. 
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TABLE 3.1. Spin-correlation Measurements 

Spin component Spin component 
measured by A A's result measured by B B's result 

z + z 
z x + 
x z 
x z + 
z + x 
x + x 
z + x + 
x x + 
z z + 
z x 
x + z + 
x + z 

These considerations show that the outcome of B's 
ars to depend on what kind of measurement A decides to perform: 

neasurement, an Sz measurement, or no measurement. Notice again 
nd B can be miles apart with no possibility of communications 
ual interactions. Observer A can decide how to orient his or 
-analyzer apparatus long after the two particles have separated. I t is 
gh particle 2 "knows" which spin component of particle 1 is 
sured. 

The orthodox quantum-mechanical interpretation of this situation 
allows. A measurement is a selection (or filtration) process. When Sz 
icle 1 is measured to be positive, then component Iz + ; z - ) is selected. t 
ubsequent measurement of the other particle's Sz merely ascertains 
system is still in Iz+; z-). We must accept that a measurement on what 
ears to be a part of the system is to be regarded as a measurement on the 
Ie system. 

Einstein's Locality Principle and Bell's Inequality 
Many physicists have felt uncomfortable with the preceding ortho-

interpretation of spin-correlation measurements. Their feelings are 
'fied in the following frequently quoted remarks by A. Einstein, which 
call Einstein's locality principle: "But on one supposition we should, in 
opinion, absolutely hold fast: The real factual situation of the system S2 
ndependent of what is done with the system Sl' which is spatially 
arated from the former." Because this problem was first discussed in a 

',U, Spin Correlation Measurements and Bell's Inequality 

paper of A. Einstein, B. Podolsky, and N. Rosei'l, it is sometimes 
known as the Einstein-Podolsky-Rosen paradox. * 

Some have argued that the difficulties encountered here are inherent 
in the probabilistic interpretations of quantum mechanics and that the 
dynamic behavior at the microscopic level appears probabilistic only be-
\':lluse some yet unknown parameters-so-called hidden variables- have not 
been specified. It is not our purpose here to discuss various alternatives to 
quantum mechanics based on hidden-variable or other considerations. 
Ruther, let us ask, Do such theories make predictions different from those of 
quantum mechanics? Until 1964, it could be thought that the alternative 
lheories could be concocted in such a way that they would give no 
predictions, other than the usual quantum-mechanical predictions, that 
could be verified experimentally. The whole debate would have belonged to 
the realm of metaphysics rather than physics. It was then pointed out by 
J. S. Bell that the alternative theories based on Einstein's locality principle 
IIdually predict a testable inequality relation among the observables of 
lipin-correlation experiments that disagrees with the predictions of quantum 
mechanics. 

We derive Bell's inequality within the framework of a simple model, 
conceived by E. P. Wigner, that incorporates the essential features of the 
various alternative theories. Proponents of this model agree that it is 
impossible to determine Sx and Sz simultaneously. However, when we have 
II large number of spin particles, we assign a certain fraction of them to 
have the following property: 

If Sz is measured, we obtain a plus sign with certainty. 
If Sx is measured, we obtain a minus sign with certainty. 

A particle satisfying this property is said to belong to type (z +,x - ). Notice 
that we are not asserting that we can simultaneously measure Sz and Sx to 
he + and ,respectively. When we measure Sz, we do not measure S., and 
vice versa. Weare assigning definite values of spin components in more than 
one direction with the understanding that only one or the other of the 
components can actually be measured. Even though this approach is funda-
mentally different from that of quantum mechanics, the quantum-mechani-
cal predictions for Sz and Sx measurements performed on the spin-up 
(Sz + ) state are reproduced provided there are as many particles belonging 
to type (z+ ,x+) as to type (z+ ,x 

Let us now examine how this model can account for the results of 
spin-correlation measurements made on composite spin-singlet systems. 

"To be historically accurate, the original Einstein-Podolsky-Rosen paper dealt with 
measurements of x and p. The use of composite spin} systems to illustrate the Einstein-
Podolsky-Rosen paradox started with D. Bohm. 
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Clearly, for a particular pair, there must be a perfect matching 
particle 1 and particle 2 to ensure zero total angular momentum: If 
1 is of type (i + , x - ), then particle 2 must belong to type (i , i + ), 
forth. The results of correlation measurements, such as in Table 3.1, 
reproduced if particle 1 and particle 2 are matched as follows: 

particlel particle2 
,i+), 

(i+ ,x+) (i-,i ), 

(z- ,x+) (i+,x ), 

(i- ,i-) (i+ ,x+) 

with equal populations, that is, 25% each. A very important assumption 
implied here. Suppose a particular pair belongs to type (3.9.5a) and 
A decides to measure Sz of particle 1; then he or she necessarily 
plus sign regardless of whether B decides to measure Sz or SX' It is in 
sense that Einstein's locality principle is incorporated in this model: 
result is predetermined independently of B's choice as to what to measuti 

In the examples considered so far, this model has been successful 
reproducing the predictions of quantum mechanics. We now 
more-complicated situations where the model leads to predictions 
from the usual quantum-mechanical predictions. This time we start 
three unit vectors a, b, and c, which are, in general, not mutually 
We imagine that one of the particles belongs to some definite type, 
(a - ,b + ,c +), which means that if So ais measured, we obtain a minus 
with certainty; if Sob is measured, we obtain a plus sign with certainty; 
Soc is measured, we obtain a plus with certainty. Again there must be 
perfect matching in the sense that the other particle necessarily belongs 
type (a + ,b - ,c-) to ensure zero total angular momentum. In any 
event, the particle pair in question must be a member of one of the 
types shown in Table 3.2. These eight possibilities are mutually exclu"'v, 
and disjoint. The population of each type is indicated in the first column. 

Let us suppose that observer A finds SI°8 to be plus and observer B 
finds Szob to be plus also. It is clear from Table 3.2 that the pair belong to 
either type 3 or type 4, s9 the number of particle pairs for which this 
situation is realized is N3 + NtJ.. Because Ni is positive semidefinite, we must 
have inequality relations like 

N3+ NA + N4 )+ (N3 + N7 )· 

Let P(a + ; b+ ) be the probability that, in a random selection, observer A 
measures S1° a to be + and observer B measures Sllob to be +, and so on. 

Spin Correlation Measurements and Bell's Inequality 

TABLE 3.2. Spin-component Matchinlt in the Alternative Theories 

Population Particle 1 Particle 2 

(a+,h+,H) (A-,h- ,c-) 
N2 (a+,h+,c-) (A-,h-,c+) 
N3 ,h-,c (a- ,h+ ,c-) 
N4 (a+,h-,c-) (a-,h+,c+) 
Ns (a-,h+,c (a+,h- ) 
N6 (a-,h+,c-) (iH,b-,c 
N7 (A-,h- ,c (a+,h+,c- ) 
Ns (a- ,h- ,c-) (a+,b+,c+) 

(,Iearly, we have 
+ (3.9.7)P(a+;b+) 

In a similar manner, we obtain 

P(a+ ;c+) = (N2 + N4 ) and P(c+ ;b+) . (3.9.8)
EfHr 

The positivity condition (3.9.6) now becomes 

P(a+ ;b+) P(a+ ;c+ )+p(c+ ;b+). (3.9.9) 

This is Bell's inequality, which follows from Einstein's locality principle. 

Quantum Mechanics and Bell's Inequality 

We now return to the world of quantum mechanics. In quantum 
mechanics we do not talk about a certain fraction of particle pairs, say 

belonging to type 3. Instead, we characterize all spin-singlet 
liystems by the same ket (3.9.1); in the language of Section 3.4 we are 
concerned here with a pure ensemble. Using this ket and the rules of 
4uantum mechanics we have developed, we can unambiguously calculate 
eneh of the three terms in inequality (3.9.9). 

We first evaluate P(a + ; b+). Suppose observer A finds S1' a to be 
positive; because of the 100% (opposite sign) correlation we discussed 
carlier, B's measurement of Szoa will yield a Ininus sign with certainty. But 
10 calculate P(a + ; b+) we must consider a new quantization axis b that 
makes an angle (jab with a; see Figure 3.9. According to the formalism of 
Section 3.2, the probability that the S2'b measurement yields + when 
particle 2 is known to be in an eigenket of S2°ft with negative eigenvalue is 
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(3912). . 

(3.9.13) 

(3.9.14) 

(3.9.15) 
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/ I  
// I <52>  
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/  

/ I  
t  

FIGURE 3.9. Evaluation of P(a+ ;1+). 

given by 

2[('lI' Oab)]_' 2(Oab)cos 2 - sm 2 . 

As a result, we obtain 
' ' ) (1). 2(Oab)P (a + ; b + "2 sm :2 ' 

where the factor arises from the probability of initially obtaining Sl' Ii  
with +. Using (3.9.11) and its generalization to the other two terms of  
(3.9.9), we can write Bell's inequality as  

. 2(Oab) . 2(Oa(') . 2(OCb)sm:2 sm:2 +sm :2 . 

We now show that inequality (3.9.12) is not always possible from a  
geometric point of view. For simplicity let us choose il, b, and c to lie in a  
plane, and let cbisect the two directions defined by aand b:  

20, 00( 0".. =0. 

Inequality (3.9.12) is then violated for  
'lI'  

0<0<"2' 

For example, take 0 = 'lI'/4; we then obtain 
0.500 S 0.292 ?? 

So the quantum-mechanical predictions are not compatible with Bell's  
inequality. There is a real observable-in the sense of being experimentally  
verifiable-difference between quantum mechanics and the alternative theo- 
ries satisfying Einstein's locality principle.  

I 'I Spin Correlation Measurements and Bell's Inequality 

Several experiments have been performed to test Bell's inequality. In 
Hill' of the experiments spin correlations between the final protons in 
low-energy proton-proton scattering were measured. In all other experi-
IlIl'nts photon-polarization correlations between a pair of photons in a 
1'1IS(;ade transition of an excited atom (Ca,Hg, ... ), 

(1= 0).1..(1=1).1..(1= 0), (3.9.16) 

III in the decay of a positronium (an e' e- bound state in 
Illeasured; studying photon-polarization correlations should be 
III view of the analogy developed in Section 1.1: * 

Sz + e in x-direction, 
Sz e in y-direction, 

(3.9.17)
Sx + e in 45 0 diagonal direction, 
Sx - e in 135° diagonal direction. 

The results of all recent preclSlon experiments have conclusively 
l'slablished that Bell's inequality was violated, in one case by more than nine 
standard deviations. Furthermore, in all these experiments the inequality 
relation was violated in such a way that the quantum-mechanical predict-
ions were fulfilled within error limits. In this controversy, quantum mecha-
nics has triumphed with flying colors. 

The fact that the quantum-mechanical predictions have been verified 
does not mean that the whole subject is now a triviality. Despite the 
experimental verdict we may still feel psychologically uncomfortable about 
many aspects of measurements of this kind. Consider in particular the 
following point: Right after observer A performs a measurement on particle 
I, how does particle 2-which may, in principle, be many light years away 
from particle I-get to "know" how to orient its spin so that the remark-
ahle correlations apparent in Table 3.1 are realized? In one of the experi-
ments to test Bell's inequality (performed by A. Aspect and collaborators) 
the analyzer settings were changed so rapidly that A's decision as to what to 
measure could not be made until it was too late for any kind of influence, 
traveling slower than light, to reach B. 

We conclude this section by showing that despite these peculiarities 
we cannot use spin-correlation measurements to transmit any useful infor-
mation between two macroscopically separated points. In particular, super-
luminal (faster than light) communications are impossible. 

Suppose A and B both agree in advance to measure S:; then, without 
asking A, B knows precisely what A is getting. But this does not mean that 

.. I t should be kept in mind here that by working with photons we are going outside the 
,.ealm of nonrc1ativistic quantum mechanics, which is the subject of this book. 
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A and B are communicating; B just observes a random sequence of positive 
and negative signs. There is obviously no useful information contained in it, 
B verifies the remarkable correlations predicted by quantum mechanics only 
after he or she gets together with A and compares the notes (or computor 
sheets). 

It might be thought that A and B can communicate if one of them 
suddenly changes the orientation of his or her analyzing apparatus. Let uS 
suppose that A agrees initially to measure Sz, and B, S,. The results of A's 
measurements are completely uncorrelated with the results of B's measure-
ments, so there is no information transferred. But then, suppose A suddenly 
breaks his or her promise and without telling B starts measuring Sx' There 
are now complete correlations between A's results and B's results. However, 
B has no way of inferring that A has changed the orientation of his or her 
analyzer. B continues to see just a random sequence of + 's and's by 
looking at his or her own notebook only. So again there is no information 
transferred. 

3.10. TENSOR OPERATORS 

Vector Operator 

We have been using notations such as x, p, S, and L, but as we 
have not systematically discussed their rotational properties. They are vector 
operators, but what are their properties under rotations? In this section we 
give a precise quantum-mechanical definition of vector operators based on 
their commutation relations with the angular-momentum operator. We then 
generalize to tensor operators with more-complicated transformation prop-
erties and derive an important theorem on the matrix elements of vector and 
tensor operators. 

We all know that a vector in classical physics is a quantity with three 
components that transforms by definition like V i -7 'ZjR,jVj under a rota-
tion. It is reasonable to demand that the expectation value of a vector 
operator V in quantum mechanics be transformed like a classical vector 
under rotation. Specifically, as the state ket is changed under rotation 
according to 

la) -l> £ti( R) (3.10.1) 
the expectation value of V is assumed to change as follows: 

-l> (algt(R)V;g(R)la) LR;j(aWila). 
j 

This must be true for an arbitrary ket la). Therefore, 

(3.10.2) 

£tit(R)V;g(R) LRi}'i 
j 

(3.10.3) 

I 10. Tensor Operators 

lIIust hold as an operator equation, where R ij is the 3 X 3 matrix that 
\I IITcsponds to rotation R. 

Let us now consider a specific case, an infinitesimal rotation. When 
,Ill' rotation is infinitesimal, we have 

£tieR) 1- ieJ·il (3.10.4)n 
We can now write (3.10.3) as 

V; + I: [V;,J·il] = LRi;(il; 1:) (3.10.5) 
j 

III particular, for il along the we have 

-I: 

1 
o n (3.10.6) 

so 

1 : I: 
V, + iii [Vx ,]= I = eVy (3.1O.7a) 

2:  Vv + iiiI: [ (3.10.7b) 

ei = 3: Vz + ilz [V;, lz] V;. (3.10,7c) 

'I 'his means that V must satisfy the commutation relations 

[V;,.lj] = il:1jknVk· (3.10.8) 

Clearly, the behavior of V under a finite rotation is completely 
determined by the preceding commutation relations; we just apply the 
hy-now familiar formula (2.3.47) to 

iJ<I> 
exp( (3.10.9)-t-) V; - ;<1». 

We simply need to calculate 

[JAJj ,[-· '[1i'VJ·  (3.]0.10) 

Multiple commutators keep on giving back to us V; or V (k '* i, j) as in 
case (3.2.7). k 

We can use (3.10.8) as the defining property of a vector operator. 
Notice that the angular-momentum commutation relations are a special case 
of (3.10.8) in which we let V; -l>"", Vk -l> lk' Other special cases are [y, L ] = 

z 
(fix, rx, LJ = iny, [Px, Lz]= ilipy, [PY' Lz] ihpx; these can be proved 
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Cartesian Tensors Versus Irreducible Tensors 

In classical physics it is customary to define a tensor 'T;jk'" 
generalizing V, --+ L j R;Fl as follows: 

'T;jk'" --+ L L L ... R",Rjj' .. 'T;'j'k'''' 
i' j' k' 

under a rotation specified by the 3 X 3 orthogonal matrix R. The number 
indices is called the rank of a tensor. Such a tensor is known as a Cart_l_ 
tensor. 

The simplest example of a Cartesian tensor of rank 2 is a 
formed out of two vectors V and V. One simply takes a Cartesian compO! 
nent of V and a Cartesian component of V and puts them together: 

'T;j == Cl;Jj. (3.10.12) 

Notice that we have nine components altogether. They obviously transform 
like (3.10.11) under rotation. 

The trouble with a Cartesian tensor like (3.10.12) is that it II 
reducible-that is, it can be decomposed into objects that transform dilfet-
endy under rotations. Specifically, for the dyadic in (3.10.12) we have 

= V-V (Cl;Jj - t';v,) ( u-v )Cl;Jj 3 8ij + 2 + 3 8ij . 

(3.10.13) 

The first term on the right-hand side, V· V, is a scalar product invariant 
under rotation. The second is an antisymmetric tensor which can be written 
as vector product eijk(VXVh. There are altogether 3 independent compo-
nents. The last is a 3 x 3 symmetric traceless tensor with 5 ( 6 -1, where 1 
comes from the traceless condition) independent components. The number 
of independent components checks: 

3x3=1+3+5. 

We note that the numbers appearing on the right-hand side of (3.10.14) are 
precisely the multiplicities of objects with angular momentum 1= 0, 1=1, 
and 1=2, respec;tively. This suggests that the dyadic has been decomposed 
into tensors that Can transform like spherical harmonics with 1= 0, 1, and 2. 
In fact, (3.10.13) is the simplest nontrivial example to illustrate the reduc-
tion of a Cartesian tensor into irreducible spherical tensors. 

Before presenting the precise definition of a spherical tensor, we first 
give an example of a spherical tensor of rank k. Suppose we take a 
spherical harmonic yt(O,4». We have already seen that it can be written as 
yt(ll), where the orientation of it is characterized by 0 and 4>. We now 
replace nby some vector V. The result is that we have a spherical tensor of 
rank k (in place of I) with 'magnetic quantum number q (in place of m), 

T(k) = y;m=q(v)q I=k . (3.10.15) 

Nprl'i fically, in the case k = 1 we take spherical harmonics with 1=1 and 
h'plncc (z / r) (0) z by Vz • and so on. 

y;O - cosO = {E- -z --+ 1:(1)= {E V-{E
1 4'IT 4'IT r ° 4'IT z· 

(3.10.16) 
y;±l +J 3 x± iy --+T(l) / 3 (+ Vx± iVy ). 

1 4'IT Iir ±l 4'IT Ii 
(.hviously this can be generalized for higher k, for example, 

Yz±  2 / (x )2 --+ = / (Vx ± iV)y. (3.10.17) 

1;/ A) are irreducible, just as y;m are. For this reason, working with sphericul 
'('I\sors is more satisfactory than working with Cartesian tensors. 

To see the transformation of spherical tensors constructed in this 
IIIl1nner, let us first review how yt transform under rotations. First, we 
hllvc for the direction eigenket; 

--+ == In'), (3.10.18) 
which defines the rotated eigenket In'). We wish to examine how yt(n')'" 
(1.'1/, m) would look in terms of y;m(n). We can easily see this by starting 
wilh 

m) = LII, (3.10.19) 
rn' 

nlld contracting with (iii on the left, using (3.10.18): 

}/m(n') = L (3.10.20) 
rn' 

If there is an operator that acts like y;m(V), it is then reasonable to expect 

= L (3.10.21 ) 
rn' 

where we have used the unitarity of the rotation operator to rewrite 
(R -1). 

All this work is just to motivate the definition of a spherical tensor. 
We now consider spherical tensors in quantum mechanics. Motivated by 
Cl.IO.21) we define a spherical tensor operator of rank k with (2k + 1) 
{:omponents as 

k 

= L (3.1O.22a) 
q'- k 

http:Cl.IO.21
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or, equivalently, 
k 

PJ(R)Tq(kJPJt(R) = L (3.10.22b) 
k 

This definition holds regardless of whether Tq(k) can be written as Yi:;q(V); 
for example, (U + iUy)(V + is the q = + 2 component of a spherical x x 
tensor of rank 2 even though, unlike (Vx + iVJ2, it cannot be written as 
Yl(V). 

A more convenient definition of a spherical tensor is obtained by 
considering the infinitesimal form of (3.10.22b), namely, 

+ iJ-.oe)(1+ iJ'i'lE)Tq(k)(l_ iJ.oe) t n 
k 

(3.10.23) 
or 

[J'n, L (3.10.24) 
q' 

By taking 0 in the z- and in the (x± iy) directions and using the non vanish-
ing matrix elements of 1z and 1 ± [see (3.5.35b) and (3.5.41)]. we obtain 

[1 • Ttl] = nqTq(k)  (3.10.25a)z 

and 
[1 • Tq(k)] = nv(k +q )(k ± q + i)Tq(;)j' (3.1O.25b)t 

These commutation relations can be considered as a definition of spherical 
tensors in place of (3.10.22). 

Product of Tensors 

We have seen how to form a scalar, vector (or antisymmetric tensor), 
and a traceless symmetric tensor out of two vectors using the Cartesian 
tensor language. Of course, spherical tensor language can also be used 
(Baym 1969, Chapter 17), for example, 

To(O)= -U'V = (Ut1V 1+ 1V+j-UOVo) 
3  3 

(UxV)q 
iii 

T(2)
+2  (3.10.26) 

T(2) = 
±1 Ii 

3.10. Tensor Operators 

where UiVq) is the qth component of a spherical tensor of rank 1, 
corresponding to vector U(V). The preceding transformation properties 
can be checked by comparing with Yi m and remembering that 
- (Ux + iUy)/li, U -1 = (Ux iUy)/li, Uo A similar check can be 
made for V± 1,0' For instance, . 

vO_ 3z 2 - r2 
12 -

r2  

where 3z 2 - r2 can be written as  

2z 2 +2[- (x ) J ; 

hence, Y20 is just a special case of TO(2) for U = V = r. 
A more systematic way of forming tensor products goes as follows. 

We start by stating a theorem: 

Theorem. Let X(k,) and q, be irreducible spherical tensors of rank 
k I and k 2' respectively. Then 

Tq(k) = L L(k1kz; q1q21k1k2; (3.10.27) 
q!  q2 

is a spherical (irreducible) tensor of rank k. 

Proof We must show that under rotation must transform 
according to (3.10.22) 

PJi'(R)T}k)PJ(R) L L(k1k 2; qjq2lkjk2; kq) 
ql  qz 

x 

=  L L L L(k1kz; qlqzlk1k 2 ; kq) 
ql q2 qf q2 

x R \) 

= L L L L L L L(k\k2; qlqzlk\kZ ; kq) 
k" q), q2 q{ qi q" q' 

x (k 1k z; k 2 ; k"q')  

X (k k . Ik k . k" ")to(k"J(R \)X(k, \ 2, q\q2 1 2, q :;:LIq'q" qj 

where we have used the Clebsch-Gordan series formula (3.7.69). The preced-
ing expression becomes 

= L L L L L8w ·8qq,,(k\kz; . k"q')t0(k"J(R I)X(k')Z(i')J , ;;;t/q'ql! ql ·"tll ' 
k" q{ q2 q" q' 
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where we have used the orthogonality of Clebsch-Gordan 
(3.7.42). Finally, this expression reduces to 

= "'('" "'(k k . q'q'lk k . kq')X(k1)Z(k2»)£ij(k)(R- 1 )'""" """ """ 1 2' 1 2 1 2' q; q'z q'q
q' q{ 

= '" T(k)£ij(k)(R- 1 ) '"£ij(k)*(R)T\k)""" q' q'q """ qq q 
q' q' 

The foregoing shows how we can construct tensor operators of higher 
or lower ranks by multiplying two tensor operators. Furthermore, the 
manner in which we construct tensor products out of two tensors is 
completely analogous to the manner in which we construct an angular-
momentum eigenstate by adding two angular momentums; exactly the same 
Clebsch-Gordan coefficients appear if we let k 1,2 --'> Jl.2, ql,2 --'> m1,2' 

Matrix Elements of Tensor Operators; the Wigner-Eckart Theorem 
In considering the interactions of an electromagnetic field with atoms 

nd nuclei, it is often necessary to evaluate matrix elements of tensor 
perators with respect to angular-momentum eigenstates. Examples of this 

will be given in Chapter 5. In general, it is a formidable dynamic task to 
calculate such matrix elements. However, there are certain properties of 
these matrix elements that follow purely from kinematic or geometric 
onsiderations, which we now discuss. 

First, there is a very simple m-selection rule: 

m-selection Rule 

(a', j'm'ITq(k)la, jm) = 0, unless m'= q + m. (3.10.28) 

Proof Using (3.10.25a), we have 

(a', j'm'I([J , Tq(k)] IiqTq(k») la, jm) = [(m' m)1i liq]z 

x(a',j'm'ITJk)la,jm) 0; 
hence, 

( a', = 0 unless m'= q + m. o 

Another way to see this is to note that transformation property of 
T?)la, jm) under rotation, namely, 

£ijTt)la, Jm) = £ijTt)£ijf£ijla, jm). 

If we now let £ij stand for a rotation operator around the z-axis, we get [see 

Tensor Operators 

(.UO.22b) and (3.1.16)] 

£ij(z, </> )Tp)la, jm) = e-iq</>e-im</>Tq(k)la, jm), (3.10.30) 

which is orthogonal to la' ,j'm') unless q + m = m'. 
We are going to prove one of the most important theorems in quan-

111m mechanics, the Wigner-Eckart theorem. 

The Wigner-Eckart Theorem. The matrix elements of tensor operators 
with respect to angular-momentum eigenstates satisfy 

(a', j'm'ITq(k)la, jm) = Ok; mqljk; j'm')-'--''-':':::=:':':::-''--"-

where the douhle-bar matrix element is independent of m and m', and q. 
Before we present a proof of this theorem, let us look at its 

significance. First, we see that the matrix element is written as the product 
of two factors. The first factor is a Clebsch-Gordan coefficient for adding j 
and k to get jf. It depends only on the geometry, that is, the way the 
system is oriented with respect to the z-axis. There is no reference whatsoever 
to the particular nature of the tensor operator. The second factor does 
depend on the dynamics, for instance, a may stand for the radial quantum 
number and its evaluation may involve, for example, evaluation of radial 
integrals. On the other hand, it is completely independent of the magnetic 
quantum numbers m, m', and q, which specify the orientation of the 
physical system. To evaluate (a',j'm'ITq(k)la,jm) with various combina-
tions of m, m', and q' it is sufficient to know just one of them; all others 
can be related geometrically because they are proportional to Clebsch-
Gordan coefficients, which are known. The common proportionality factor 
is (a'j'IIT(k)l\aj), which makes no reference whatsoever to the geometric 
features. 

Tbe selection rules for the tensor operator matrix element can be 
immediately read off from the selection rules for adding angular momen-
tum. Indeed, from the requirement that the Clebsch-Gordan coefficient be 
nonvanishing, we immediately obtain the m-selection rule (3.10.28) derived 
before and also the triangular relation 

jj-kl:Sj':Sj + k. (3.10.32) 
Now we prove the theorem. 

Proof Using (3.10.25b) we have 

,<a,, j 
(3.10.33) 
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or using (3.5.39) and (3.5.40) we have 
IU' ± m')U'"+ m' +1) (a', j', m'"+ 1ITq(k)la, jm) 

= J(j"+ m)(j ± m +1) (a', j'm'IT,ik)la, j, m ±1) 

+ J(k 1= q)(k ± q +1) (a', j'm'IT}!)lla, jm). (3.10.34) 

Compare this with the recursion relation for the Clebsch-Gordan coefficient 
(3.7.49). Note the striking similarity if we substitute j' j, m' -,> m, j it, 
m ml' k 12, and q -i> m 2. Both recursion relations are of the form 
'E 

j 
a ijXj = 0, that is, first-order linear homogeneous equations with the same 

coefficients a ij' Whenever we have 

I:aijxj = 0, I:aijYj = 0, 
j j 

we cannot solve for the Xj (or Yj) individually but we can solve for the 
ratios; so 

Yj 
x-Y or X·= cy.

k k J J' 

where C is a universal proportionality factor. Noting that (hj2;m l ,m2±  
11J1j2; jm) in the Clebsch-Gordan recursion relation (3.7.49) corresponds 
to (a', j'm'ITq<!\la, jm), we see that 
( a', j'm'ITq<!\la, jm) = (universal proportionality constant independent of 

m, q, and m')Uk; m q ± 11Jk; j'm') , (3.10.37) 

which proves the theorem. 0 
Let us now look at two simple examples of the Wigner-Eckart 

theorem. 

Example 1. Tensor of rank 0, that is, scalar To(O) = S. The matrix element of 
a scalar operator satisfies 

l"m'ISla l'm ) = 8,fj ,<a'i'IiSllaj)( a' , , )J mm /2j+1 

because S acting on la, jm) is like adding an angular momentum of zero. 
Thus the scalar operator cannot change j, m values. 

Example 2. Vector operator which in the spherical tensor language is a rank 
1 tensor. The spherical component of V can be written as Vq_±l,O' so we 
have the selection rule 

Aj == j' _ j = { ± O. 
1 (3.10.39)Am==m'-m=±  

3.10. Tensor Operators 

In addition, the 0 -,> 0 tranSItIOn is forbidden. This selection rule is of 
fundamental importance in the theory of radiation; it is the dipole selection 
rule obtained in the long-wavelength limit of emitted photons. * 

For j = j' the Wigner-Eckart theorem-when applied to the vector 
operator-takes a particularly simple form, often known as the projection 
theorem for obvious reasons. 

The Projection Theorem 

(a', jm'lVqla, jm) = (a', jm) (jm'IJqljm), (3.10.40) 

where analogous to our discussion after (3.10.26) we choose 

J t 1 1= (Jx ± i.ly ) = + 1 Jo= Jz· (3.10.41) 

Proof Noting (3.10.26) we have 

(a',jmjJ'Vla,jm) (a',jml(JoVo Jt1V-l-J_lVtl)la,jm) 

= mli(a', jmlVola, jm) + - m +1) 

X(a',jm 11V_1Ia,jm) 

J(}-m)(}+m+1) (a',jm+ jm) 

= cjm(aiIlVllaj) (3.10.42) 

hy the Wigner-Eckart theorem (3.10.31), where cjm is independent of a, a', 
and V, and the matrix elements of Yo, ±l are all proportional to the 
double-bar matrix element (sometimes also called the reduced matrix ele-
ment). Furthermore, cjm is independent of m because J.V is a scalar 
operator, so we may as well write it as cj • Because cj does not depend on V, 
0.10.42) holds even if we let V -,> J and a' -,> a, that is, 

(a, jmiJ 2la, jm) = c/ajIIJllaj). (3.10.43) 

Returning to the Wigner-Eckart theorem applied to Vq and Jq, we have 

(a', jm'lVqla, jm) (aiIlVllaj) 
(3.10.44)

(a, jm'llqla, jm) (ajIlJllaj)' 

"Additional parity selection rules are discussed in Chapter 4, Section 2. They lead to these 
I-: I d ipolc selection rules. 
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lut the right-hand side of (3.10.44) is the same as (a', jmiJoVla, jm) 
'( a, jmiJ 2 la, jm) by (3.10.42) and (3.10.43). Moreover, the left-hand side 
.f (3.10.43) is just j(j +1)1i 2• So 

( a' jm'lVla jm)= (a',jmiJoVla, jm) (}'m'IJ IJm) (31045) 
,  q' 1i2j{j +1) q' • . 

vhich proves the projection theorem.  o 

We will give applications of the theorem in subsequent sections. 

:JROBLEMS 

1.  Find the eigenvalues and eigenvectors of 0y = - Suppose an 

electron is in the spin state (;). If s.v is measured, what is the 
probability of the result Ii /2? 

2.  Consider the 2 X 2 matrix defined by  
ao+ iooa  

U= --'"---
iO'·a ' ao -

where ao is a real number and a is a three-dimensional vector with real 
components. 
a.  Prove that U is unitary and unimodular. 
b.  In general, a 2 x 2 unitary unimodular matrix represents a rotation in 

three dimensions. Find the axis and angle of rotation appropriate for 
U in terms of ao, aI' a2' and a 3· 

3.  The spin-dependent Hamiltonian of an electron-positron system in the 
presence of a uniform magnetic field in the z-direction can be written as 

H = ASVl·s(e+) + ( : )( S;n Sz(e')). 

Suppose the spin function of the system is given by 
a.  Is this an eigenfunction of H in the limit A 40, eB/me =F O? If it is, 

what is the energy eigenvalue? If it is not, what is the expectation 
value of H? 

b.  Same problem when eB/me 40, A =F O. 
4. Consider a spin 1 particle. Evaluate the matrix elements of 

Sz(Sz+Ii)(Sz-li) and Sx(Sx+Ii)(Sx- Ii ). 
5.  Let the Hamiltonian of a rigid body be 

H ; ( 11 + 12 + 13 ), 

where K is the angular momentum in the body frame. From this 
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expression obtain the Heisenberg equation of motion for K and then 
find Euler's equation of motion in the correspondence limit. 

6.  Let U eiGJiXeiG2fJeiGfY, where (a,/3, y) are the Eulerian angles. In order 
that U represent a rotation (a, /3, y), what are the commutation rules 
satisfied by the Gk? Relate G to the angular momentum operators. 

7.  What is the meaning of the following equation: 

U- 1AP= LRkIA" 

where the three components of A are matrices? From this equation show 
that matrix elements (mIAkln) transform like vectors. 

8.  Consider a sequence of Euler rotations represented by 

- i<1 a ) ( i02/3 ) ( - i<13Y)f2j) (l/2) ( a, /3, y) = exp -+ exp 2 exp -2-( 

/3cos- e-'(0-"1' Si: ) . 
=  2

2 
ei(a- y)/2'sm-/3 ei(a+ y)/2 cos "2 

Because of the group properties of rotations, we expect that this 
sequence of operations is equivalent to a single rotation about some 
axis by an angle 8. Find 8. 

9.  a. Consider a pure ensemble of identically prepared spin systems. 
Suppose the expectation values (Sx) and (S,) and the sign of (Sy) 
are known. Show how we may determine the state vector. Why is it 
unnecessary to know the magnitude of (Sy)? 

b.  Consider a mixed ensemble of spin t systems. Suppose the ensemble 
averages [Sx]' [Sy], and [S,] are all known. Show how we may 
construct the 2 X '2 density matrix. that characterizes the ensemble. 

10.  a. Prove that the time evolution of the density operator p (in the 
SchrOdinger picture) is given by 

p(t) =  '1/(t, to)p(to)'1/ t (t, to). 
b. Suppose  we have a pure ensemble at t = O. Prove that it cannot 

evolve into a mixed ensemble as long as the time evolution is 
governed by the SchrOdinger equation. 

11.  Consider an ensemble of spin 1 systems. The density matrix is now a 
3 X 3 matrix. How many independent (real) parameters are needed to 
characterize the density matrix? What must we know in addition to [Sx], 
[Sv]' and [Sz] to characterize the ensemble completely? 

12. An angular-momentum eigenstate Ij, m = mmax j) is rotated by an 
infinitesimal angle e about the y-axis. Without using the explicit form of 
the function, obtain an expression for the probability for the new 
rotated state to be found in the original state up to terms of order e2• 
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13. Show that the 3 X 3 matrices Gi (i = 1,2,3) whose elements are given by 

(Gi ) jk = - ihfijk' 

where i and k are the row and column indices, satisfy the angular 
momentum commutation relations. What is the physical (or geometric) 
significance of the transformation matrix that connects G; to the more 
usual 3 X 3 representations of the angular-momentum operator J, with 
J) taken to be diagonal? Relate your result to 

V....,V+D8</>xV 
under infinitesimal rotations. (Note: This problem may be helpful in 
understanding the photon spin.) 

14.  a. Let J be angular momentum. It may stand for orbital L, spin S, or 
Jtotal') Using the fact that Jx' Jy, Jz(J ± == Jx ± iJy) satisfy the usual 
angular-momentum commutation relations, prove 

J 2 =J/+J+J_-hlz' 

b. Using (a) (or otherwise), derive the "famous" expression for  the 
coefficient c _ that appears in 

J-I/;jm=c-'I"j.m-l· 

15.  The wave function of a particle subjected to a spherically symmetrical 
potential V( r) is given by 

I/; (x) = (x+ y+3z)/(r). 
a.  Is I/; an eigenfunction of V? If so, what is the I-value? If not, what 

are the possible values of I we may obtain when L 2 is measured? 
b. What are the probabilities for the particle to be found in various m, 

states? 
c.  Suppose it is known somehow that I/;(x) is an energy eigenfunction 

with eigenvalue E. Indicate how we may find V(r). 
16. A particle in a spherically symmetrical potential is known to be in an 

eigenstate of L2 and L with eigenvalues h 2/(l + 1) and mh, respec-z 
tively. Prove that the expectation values between 11m) states satisfy 

(Lx)=(Lv)=O, (L;)=(L;)= m 
2
h 

2 
] 

Interpret this result semiclassically. 
17. Suppose a half-integer I-value, say 1. were allowed for orbital angular 

momentum. From  
L+ Y1/ 2,1/2(0, </» = 0,  

we may deduce, as usual, 

0, </» ex: e i q,/2..[SIDii.Yl/2 , 

I'mblcms 

Now try to construct Y1/ 2, -1/2(0, </»; by (a) applying L_ to 
Y1/ 2, 1/2(0, </»; and (b) using L_ Y1/ 2, -1/2(0, </» = 0. Show that the two 
procedures lead to contradictory results. (This gives an argument against 
half-integer I-values for orbital angular momentum.) 

IX. Consider an orbital angular-momentum eigenstate 11= 2, m 0). Sup-
pose this state is rotated by an angle p about the y-axis. Find the 
probability for the new state to be found in m = 0, ± 1, and ±2. (The 
spherical harmonics for 1= 0, 1, and 2 given in Appendix A may be 
useful.) 

19.  What is the physical significance of the operators 

K_,==ata! and K_=a+a 

in Schwinger's scheme for angular momentum? Give the non vanishing 
matrix elements of K +. 

lO.  We are to add angularmomenta i1 = 1 and i2 = 1 to form i 2, 1, and° states. Using either the ladder operator method or the recursion 
relation, express all (nine) {j, m} eigenkets in terms of !Jli2; m1m 2). 
Write your answer as 

1J=I,m=l) ... , 

where + and 0 stand for m1,2 =1,0, respectively. 
).1. a. Evaluate 

} 

L  
j 

for any i (integer or half-integer); then check your answer for i =!. 
b.  Prove, for any i, 

t  = +1) sin2p + 1). 
J 

[Hint: This can be proved in many ways. You may, for instance, 
examine the rotational properties of J/ using the spherical (irreduci-
ble) tensor language.] 

,'.1 a.  Consider a system with i = 1. Explicitly write 

(j 1, m'IJyii 1, m)  
in 3 X 3 matrix form.  

h. Show that for i = 1 only, it is legitimate to replace e- Uvf3/ Ii by 

J) /J)21 i ( ; sinp - t; (1 cosf3). 



"  Using (b), prove 
= 

(t)(1 +cosf3) 

( ) sinf3 

(t )(1-cos f3 ) 
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-( )sin f3 ( t ) (1- cos f3 ) 

cosf3 )sin f3 

( ) sinf3 (t)(1 +cosf3) 

Express the matrix element (a2f32Y2IJllalf3IYI) in terms of a series 

!»!nn(af3y) = (af3Yljmn). 

:onsider a system made up of two spin particles. Observer 
;pecializes in measuring the spin components of one of the 
Slz,Slx and so on), while observer B measures the spin components 
:he other particle. Suppose the system is known to be in a spin- . 
;tate, that is, Stotal = O. 
1.  What is the probability for observer A to obtain Siz = nl2 

observer B makes no measurement? Same problem for SIx = n12. 
).  Observer B determines the spin of particle 2 to be in the S2z = n 

state with certainty. What can we then conclude about the outCOml 
of observer A's measurement if (i) A measures Slz and (ii) 
measures Sl) Justify your answer. 

:onsider a spherical tensor of rank 1 (that is, a vector) 

Vx ± iVyViIi = + Ii Vorl) = v". 

Jsing the expression for given in Problem 22, evaluate 

q' 

md show that your results are just what you expect from the transfor-
nation properties of Vx,y,z under rotations about the y-axis. 
1.  Construct a spherical tensor of rank lout of two different vectors 

U = (Ux' and V = (Vx' Vy' v,,). Explicitly write in terms 
of Ux,y,z and VX,y,z' 

. Construct a spherical tensor of rank 2 out of two different vectors U 
and V. Write down explicitly in terms of Ux , y,z and V<, y,I' 

:onsider a spinless particle bound to a fixed center by acentral force 
otential. 

11"" 
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a. Relate, as much as possible, the matrix elements 

(n', I', m'l+ ± iy )In, I, m) and (n', I', m'lzln, I, m) 

2K. 

using only the Wigner-Eckart theorem. Make sure to state under what 
conditions the matrix elements are nonvanishing. 
b. Do the same problem using wave functions 1/1 (x) = R nl( r)yt( 0, <p ). 
a. Write xy, xz, and (x 2 - y2) as components of a spherical (irreduci-

ble) tensor of rank 2. 
b. The expectation value 

Q == e(a, j, m = jl(3z 2 - r 2)la, j, m = j) 

is known as the quadrupole moment. Evaluate 

e(a, j, m'l(x 2 - y2)la, j, m = j), 

(where m' = j, j -1, j - 2, ... ) in terms of Q and appropriate 
Clebsch-Gordan coefficients. 

21). A spin nucleus situated at the origin is subjected to an external 
inhomogeneous electric field. The basic electric quadrupole interaction 
may by taken' to be 

H - eQ [( J 
2 
<P) S2 + ( J 

2 
<P) S2 + ( J 

2 
<P) S2] 

int- 2s(s-1)n2 Jx2 0 x Jy2 0 Y JZ 2 0 z , 

where <p is the electrostatic potential satisfying Laplace's equation and 
the coordinate axes are so chosen that 

II 
I 

( J 
2 
<P)JxJy 0 = 

(J 
2 
<P) (J 

2 
<P)JyJz 0 = JxJz 0 =0. 

Show that the interaction energy can be written as 

A (3Sz 
2 - 8 2 ) + B(si + 

and express A and B in terms of (J 2<pI Jx 2)o and so on. Determine the 
energy eigenkets (in terms of 1m), where m = ± ± and the corre-
sponding energy eigenvalues. Is there any degeneracy? 


