Curvature and Einstein's Field Equations

Goal: Relate the curvature of spacetime to the sources

Newtonian theory: mass density is the source

SR: E =mc*> => energy density should be involved

Consider dust = a collection of non-interacting particles, all doing the
same thing (simplest continuous source)

In rest frame: energy density = m0c2n0 (m is rest mass and n_ is

proper number density)

In an arbitrary frame: energy density increases by factor y?, since
E= ymoc2 and n = yn (because of length contraction).

If energy density were a component of a 4-vector, it would only pick up
one factor of y => we should look for an appropriate rank 2 tensor.



Stress-energy tensor (or, energy-momentum tensor, ...):

T = ¢ x the “flux” of p-component of 4-momentum crossing a
surface of constant x*. “Flux” means dP*/(dx"dx"dx”) , where
X, B, y are the 3 index values other than v.

Consider dust moving at constant speed along x-axis:

T* =c x E/c per unit volume crossing a surface of constant ct
= energy density = y’m c’n = mn U'U’

T™ = ¢ x p' per unit area per unit ¢ = momentum per (area time)
= p'pervolume x v = y'mn (V') = mn U"U"

Generally, for dust: T""=m n U"U"  (symmetric)

For general source (more complicated fluids, em fields, etc.), 7" remains
symmetric.



Recall the continuity eqn in electrodynamics: J* = 0 (conservation

of electric charge).

Conservation of energy and momentum is expressed by 77" =0
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(stress-energy tensor is divergenceless)

Recall the strong equivalence principle: the laws of physics in a LIF
are the same as in SR.

Laws are expressed as tensor equations.

All of the SR tensor operations remain valid in GR except differentiation.

Covariant differentiation is a tensor operation for arbitrary transtformations
in curved spacetime and is equivalent to partial differentiation in geodesic
coord systems (LIFs).

To get a law of physics in GR, take the law in SR and change the partial
derivatives to covariant derivatives (“comma-goes-to-semicolon rule”).

=> 1" =0



Curvature:

All info on the intrinsic curvature of a space is contained within 8,

However: itis generally very difficult to extract this info (metric tensor
also depends on the coord system you use).

For example:  ds” = (du” + dv*) exp(u —v) flat

ds” = dw” + dd” exp(-2w) curved

Thus, we seek a tensorial description of intrinsic curvature (i.e., a
tensor derived from 8, that tells us immediately about the curvature).

Should depend on 2™ derivatives of 8, (local flatness theorem).

. . h
Definition of Riemann curvature tensor 43 ajk

h h h
V5% — Vi = -V*R ajk  (true for arbitrary V => tensor)

h h h SP 9.1
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hoo_ h h
Rk = sz,; sz bt Tl = TopTe;

Rhij k =0 in flat space, since it vanishes in Cartesian coords and is

a tensor.

Conversely, its global vanishing implies that the space is flat.

In geodesic coords, Christoffel symbols vanish (but their derivatives don't)
RP.. =T% . — T2
=> ik — Yik,g T Yijk
_lﬁh( s s e LY S o o ol oy )
~ 5 9 \Yoki T YGakij — Gikaj — g5k — Yajik T Gijak
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Risjk = 9in Bijk = 5 9in 9 ey
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Rk = o (G1k.i5 + 9i5.0k — ik 15 — 914.ik)



Rpiik = 5 (9nkij T 9is.nk — Gik.hi — Ghjik)

b | —

=>  BRpijp = —Rpik;
Rpiik = —Rinjk
Rpiik = Rign;
Rpiik + Bpjki + Bpgiy =0 “cyclic identity”
Symmetries reduce the number of independent components of Rhijk from
N* to N*(N*-1)/12

=> 20 for N=4 (as expected)

=> 1 for N=2 (all non-zero components = + Rmz)
SP 9.2-3



Relation of Riemann tensor to parallel transport:

k _ .k
= 0 Consider parallel transport
A 8 , . - around a small “parallelogram”
s 55-(7) o) = af+de? iy the x , x* “plane”.
D C
zk = :I:ff + dz®
DV™h dVh N
Parallel transport: =0 = —+VT}i™=0
du du
' 3Vh ; ~h LT .
A—>B:u=1g = —=-V'T% (T =1 when m=j
O “J

and O otherwise)
= dV"=—V'T}, da?

ol +dz :
= VRB)-VhA)=- "] (ViT})
0

da’
zk =a:ﬁ'



From zh+da’

h h _ 2plt)
previous slide: VAB) - V*A) = - / (VzFij) Eeik dx
0
Similarly:
b h :cﬁ—kda:k B 1 ” ‘o
V*C) - V*B) = — fk (V Fik)a:j=l'a—|—dzcj dr (ta. eu=x for
i this leg)
wh-+da) .
Vh(D) — Vh(c) — : f (V?’F%) bk k dz/ (no minus sign since
: rh=xj+dz
ol we're traversing in
the opposite dir)
ko 1.k
h By, o ST h ok
V™A, end) — V(D) = mfﬁ (ViTh) o

dv" = VA, end) — VH(A)



. 0
_ a:ﬁ:f;af"“‘ ok [(vz r%) o) (Virh) :L-EJ
Bxpand 0. (17ih) o gor — (VTH) 4 = 58 (Vi T) o

=> dV? = dat doF '(,;; (Very) - % & Fff-%)\

= da? dz® [V' p T+ VPT p — V2T — VT 5

Note: V?:’k. = —V? ng and V?:?j = V¢ l"aj (parallel transport;
absolute deriv = 0)



dVP = dzd dz” i—Va [ F% +V* Ff?j,k; + Ve ng P~V F’?k:j]

= da da® [-ViT TR + VITY  + VIT Th — Virh |

3, e
— —dq:j d:jj:'lc V?' F?k,j — F%?k i ng F’?k o ng F%‘
- dvh — _Rh’ijk: Vz dﬂ?‘? dIL'k:

=> Change in vector on parallel transport

around a small closed loop & Rhi ik
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Geodesic deviation:
Consider 2 neighboring geodesics, A and B, parameterized by s of A.

Define Uh(S) = -’1'3%(3) — 33&1(3)

D2?7h

_ph . stk
ds2 = R%jp&" &7 n SP9.4

=> the relative acceleration of 2 freely-falling particles is proportional

to the Riemann tensor.

Relative acceleration is due to the tidal field, which is due to the
curvature of spacetime and is described by the Riemann tensor.
There is no tensor that describes the gravitational field itself, since
this can always be transformed away by going to a LIF.
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We seek to construct, from the Riemann tensor, a symmetric,
divergenceless, rank 2 tensor to relate to 7" :

In geodesic coords: ha‘jk;g = Fﬁ.,ﬂ — F%’kg
— Rh. . Rh. ; R 0 . .. .
=2 ik TV gL T IV = (the Bianchi identity)

Define the Ricci tensor: R@j — hajh

The Ricci tensor is symmetricx

The other contractions of the Riemann tensor do not yield new tensors:

R, =0

h hoo
RPpj = —R%5n = —Rij
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Next, define the curvature scalar: £ = R'i=RY gt

In the Bianchi identity, contract 4 with &:

Bt + By B i = 0

R sp—Rapyr £ By =0

Riz-;g — R?:g;?; + RM li:h =0 (raising i and contracting it with ;)

R — R Ii+ R?:hgh;?; =0  (exchange dummy index pairs in last term)

R — R?:g;?; = Rhigh;?; =0  (make use of asymmetry)

_ pt. . pt. .
R,E RE;@ Rl;z—o - R,E_2Rzl;?l:0
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Define the Einstein tensor: G5 = Rjj — gz g

. 1
i, _ pt, [
Gj_Rj_iij
L o
Giii=Ri;—6R;~ -8R
ga = g T 5% e T 505
— R I R;=0 (from last equation on previous slide)

=> Einstein tensor is symmetric and divergenceless!
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Einstein's field equations: ~ Guv = —K Ty (k is a constant to be
determined)

1

Rp;y 5 Guv R=—k T,uy Raise p and contract with v:
1 y

R—icsp’p;R:—ﬁ:T (T'=T" , the trace of T")
=> R=kKT Substitute for R above:

1 1
Rﬂ,p S 5 ﬁ:Tg)u,y = —K T)u,y => R,U»V = —K (Tﬂy — iTg‘H'y]

When TW =0, RMV =0 (“vacuum field equations”; requires no

particles and no electromagnetic fields)
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To find k, consider dust at rest in the stationary, weak field limit
Guv — TMuv + h)uy y |h‘uy| < 1

Tyw=pUuUy  (p=myny)

Only Ta4 =~ PCQ is non-vanishing.

Th=Try, = g T =~ T (since gy ~ 1)

1 1 1 .
By =—k (T44 — §T44944] ~ —5,‘;‘1'14 = —iﬂhﬂﬂz

R44 = Raélﬁla

> }%4 — Fgﬁl,a T Fgél Ea _ Fg

0 (stationary)

2™ order in &
Y



— o 7
Ry = —Tgg o= —Tas,

] 1 (2 1
Recall anl — 5 h44,z‘ = 5 (CQL = gﬁb,i
1 2 4?TGP
—s Ry=-75Vi=-—
> 14 2 ¢ 2

1 2 4?TGP
=> —ipﬁ:c —_— — C2
8rls
= K="71



1 8 I8
Einstein's equations Ryy — igﬁv = = A Ty

are 10 equations (since the tensors are symmetric)

They are differential equations, 2™ order in 8., and very non-linear.

(The Riemann tensor involves derivatives and products of Christoftel
symbols, which involve 1. derivatives of 8., and 2. g"", which is the

inverseof g )
Y

Non-linearity => the sum of separate solutions is not a solution;
implicitly accounts for the fact that gravity gravitates (i.e., the energy in
spacetime curvature contributes to spacetime curvature). There would be
no way to include this term explicitly in the field equation, because any
“gravity tensor” could be transformed away by adopting a LIF.
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Since a metric is required simply to express T"" and the stress-energy

tensor determines the metric, an iterative solution procedure is usually
needed (except if symmetries can be exploited).

Einstein's equations can be regarded as consistency conditions that
must be satisfied by the energy and spacetime geometry jointly.

Remarkably, the field equations imply the geodesic law of motion

(it is not required as an additional axiom); other configurations do
not satisfy the equations.
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