
Modeling and Simulation VI
Adapted from Florian’s Blog

https://flothesof.github.io/

charged-particle-trajectories-E-and-B-fields.html

and
a University of Oslo student essay in computational physics

https://uio-ccse.github.io/computational-essay-showroom/essays/

studentessays/relativcyclotron/RelativisticCyclotron.html

Trajectory of Charged Particles in Electric and Magnetic Fields The
trajectory of a charged particle interacting with electric and magnetic fields is
described, in the non-relativistic limit, by Faraday’s equation:

d~v

dt
=

q

m
( ~E + ~v × ~B) (1)

where ~v is the charged particle’s velocity, q its charge, and m its mass.
Study the program:
http://physics.gmu.edu/~rubinp/courses/407/particleinfields_euler.

py

Note that it transports the particle in the field using Euler’s method.

1. Adapt the program to display the trajectory of a positively charged par-
ticle in a constant magnetic field and no electric field and initial velocity
~v0 = [0, 1, 1].

2. Adapt the program to display the trajectory of a positively charged par-
ticle in a constant magnetic field and no electric field and initial velocity
~v0 = [1, 0, 1].

3. Adapt the program to display the trajectory of a positively charged par-
ticle in a constant magnetic field and no electric field and initial velocity
~v0 = [0, 1,−1].

4. Adapt the program to display the trajectory of a positively charged par-
ticle in a constant magnetic field and no electric field and initial velocity
~v0 = [0,−1, 1].

5. Adapt the program to display the trajectory of a negatively charged par-
ticle in a constant magnetic field and no electric field and initial velocity
~v0 = [0, 1, 1].

6. Adapt the program to display the trajectory of a positively charged par-
ticle in a constant magnetic field that is now 10 times stronger and no
electric field and initial velocity ~v0 = [0, 1, 1].

7. Adapt the program to display the trajectory of a positively charged parti-
cle in a constant magnetic field and a constant electric field whose magni-
tude is 5 times that of the magnetic field and initial velocity ~v0 = [0, 1, 1].
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8. Adapt the program to display the trajectory of a positively charged parti-
cle in a varying magnetic field and a varying electric field whose magnitude
is 5 times that of the magnetic field and initial velocity ~v0 = [0, 1, 1].

9. Adapt the program to display the trajectory of several particles with differ-
ent charges and masses in a varying magnetic field and a varying electric
field whose magnitude is 5 times that of the magnetic field and initial
velocity ~v0 = [0, 1, 1].

Simulation of a Cyclotron A cyclotron is a type of particle accelerator. It
accelerates charged particles from the center of a flat, cylindrical vacuum cham-
ber outward along a spiral path. The spiral trajectory is induced by a (nearly)
uniform magnetic field (bending the trajectory) and a rapidly alternating (radio
frequency, RF) voltage (increasing the particles’ kinetic energy). The voltage
is applied between two hollow “D”-shaped sheet-metal electrodes called “dees,”
which are housed inside the vacuum chamber perpendicular to the magnetic
field. The straight sides of the dees face one another, separated by a narrow
gap. The particles are injected into the center of this gap.

For a schematic diagram and qualitative description of a cyclotron, see
http://hyperphysics.phy-astr.gsu.edu/hbase/magnetic/cyclot.html

The frequency of the alternating voltage is syncronized with that of the
particles spiraling in the chamber, the cyclotron resonance frequency, which, at
non-relativistic velocities, is:

νc =
qB

2πm
(2)

where q is particles’ charge, B is the magnetic field strength, and m is the
particles’ mass. After each crossing of the particles from one dee to the other, the
polarity of the RF voltage reverses, such that the electric field is in the correct
direction to accelerate the particles. Larger velocities increases the rotation
radius, so that the particles spiral to the outer rim of the dees. They then may
be subject to a small “kick” voltage, which deflects them to exit the dees at a
target or evacuated beam tube for transport.

At non-relativistic velocities, the particles’ final energy is their ultimate ki-
netic energy

E =
1

2
mv2 =

qB2R2

2m
(3)

since the centripetal force, FC = mv2/r, is provided by the magnetic Lorentz
force, FB = qvB, leading to v = qBr/m, and the final energy is at the maximum
dee radius, R. Thus, magnetic field strength and dee radius limit particle energy.

These hardware limitations cap the acceleration of protons and heavier ions
to sub-relativistic velocities. Electrons, however, quickly reach relativistic ve-
locities, and the correct treatment of their motions must take relativity into
account.
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At relativistic velocities, the cyclotron frequency decreases as the Lorentz
factor, γ = 1/

√
1− β2, where β = v/c, increases. If the non-relativistic cy-

clotron frequency is labeled νnr, then

νr =
νnr
γ

=
qB

2πγm
(4)

and so the relativistic cyclotron angular velocity is

ωr = 2πνr =
qB

γm
(5)

Because ωr = v = βc, the radius of rotation, the gyroradius, grows at relativistic
velocities as

rg =
βc

ωr
=
γβmc

qB
(6)

Because ~F = d~p
dt , ~pr = γm~v, and γ = 1√

1−v2/c2
,

~F = m

(
γ3

(~v · ~a)~v

c2
+ γ~a

)
(7)

The magnetic interaction is perpendicular to the velocity, so ~v · ~aB = 0.
Therefore,

~FB = γm~aB ⇒ ~aB =
~FB

γm
(8)

Also,

~FE = m

(
γ3
~v · ~aE
c2

~v + γ~aE

)
⇒ ~aE =

1

γm

(
~FE −

(~v · ~FE)~v

c2

)
(9)

10. Adapt the code developed for the transport of a particle in electric and
magnetic fields to simulate a cyclotron.

Refer to:

http://physics.gmu.edu/~rubinp/courses/407/cyclotron_euler.py

11. Notice three things about this simulation:

(a) Because a cyclotron’s behavior depends on a number of different pa-
rameters (for example, the dee separation distance, field strengths,
and the charge and mass of the particles being accelerated), the sta-
bility of that behavior is sensitive to the values of these parmeters;

(b) The sensitivity of the simulation depends on step-size; and

(c) The particle is transported with the Euler method.

Play around with the cyclotron parameters and step size and see how
many different sets maintain stable behavior.
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12. Most particle transport algorithms employ the 4th-order Runge-Kutta
method, because it is known to be more accurate. Rewrite the cyclotron
program with a 4th-order Runge-Kutta Method.

Refer to

http://physics.gmu.edu/~rubinp/courses/407/cyclotron_runge-kutta.

py

Check the algorithms sensitivity to parameter changes and step size.

13. Adapt the Runge-Kutta transport code to simulate a cyclotron accelerat-
ing

(a) a proton

(b) an electron [decrease time step size, lower magnetic field]

(c) an alpha particel (He++ ion) [lower gap voltage]

Refer to

http://physics.gmu.edu/~rubinp/courses/407/cyclotron_newton_rk4.

py

Notice that proton and alpha particle velocities remain non-relativistic,
while that of the electron exceeds the speed of light. Clearly, relativistic
affects must be taken into account.

14. Adapt the previous code with special relativity corrections

Refer to

http://physics.gmu.edu/~rubinp/courses/407/cyclotron_sr_rk4.py

Note, by playing around with cyclotron parameters and step size, how
sensitive the algorithm is to changes in these. In practice, the cyclotron is
very difficult to adjust to relativistic particles, and new technology needed
to be developed for higher energies.
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