
Two (or More) Variables – Scatterplots and Fitting

When two or more quantities are measured in the same experiment, it is
usually the case that one of the variables (independent variable) is varied in order
to determine how the other variable(s) [dependent variable(s)] vary accordingly.
Each measurement, regardless of variable, will be subject to uncertainties, and
these need to be estimated. The independent variable should never be relatively
more uncertain than the dependent variable(s). Ideally, relative uncertainties
associated with the independent variable should be negligible in comparison to
those of the dependent variable(s). Otherwise, no relationship suggested by a
fit to the data could be taken seriously.

Review how python (or some other program) makes scatterplots
and fits data points. Complete the exercise http://physics.gmu.edu/

~rubinp/courses/161/seventhtask.pdf which is written for python, but
can be carried out with any fitting package.

When making a scatterplot, be sure to title it and label its axes (including
units) as with a histogram. It is also important to show uncertainties (as so-
called error bars) associated with the points on the plot. A fit curve should
pass nearer points with smaller error bars, perhaps even missing points with the
largest error bars, a procedure referred to as weighted fitting [analogous to the
averaging (weighted mean) of data with varying uncertainties]. This procedure
was demonstrated in the exercise you were to review.

In this exercise, two methods for quantifying the “goodness” of the fit were
presented. A more fundamental, though qualitative, procedure should always
be carried out when evaluating the quality of a fit. It involves plotting residuals,

ri = yi − ŷi (1)

where ŷi is the “predicted” dependent variable for each value of the indepen-
dent variable, that is, the output of the resulting fit function for each value of
indenpendent variable, xi, as input.

Two plots of residuals should be made and evaluated:

1. A histogram, which, if the fit were good, would be Gaussian with a mean
of zero. For unweighted fitting, the mean of the residuals is zero by con-
struction, but the histogram may still be skewed, which suggests a bad fit.
A good weighted fit yields a normally distributed residual histogram also
centered on zero.

2. A scatterplot of ri vs xi [note that this expression is always in the order
ordinate (y-axis) vs abscissa (x-axis)], in which, for a good fit, the data
points are distributed horizontally. A sloped, curved, or periodically vary-
ing distribution indicates a poor fit, often a wrong or incomplete model
(fit function).

In Table 1 [due to Anscombe, The American Statistician, Vol. 27, No. 1
(Feb. 1973), pp. 17-21] are four data sets (the first three use the same x
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values) that all have the same number of observations, means in x and y, linear
fit function (ŷ = 0.5x + 3; check if you doubt), R2 and residual sum of
squares (no uncertainties accompany the values, so a χ2 cannot be computed).
Plot each set of data and draw the linear fit function. Calculate the
residuals in each case and create the two plots listed above. Interpret
the plots and say whether and how the residual plots “explain” the
data and the problem (if any) with the fits.

Table 1: Four sets of orderd-pair data.
Data set 1-3 1 2 3 4 4
Variable X Y Y Y X Y

Observation no.

1 10 8.04 9.14 7.46 8 6.58
2 8 6.95 8.14 6.77 8 5.76
3 13 7.58 8.74 12.74 8 7.71
4 9 8.81 8.77 7.11 8 8.84
5 11 8.33 9.26 7.81 8 8.47
6 14 9.96 8.1 8.84 8 7.04
7 6 7.24 6.13 6.08 8 5.25
8 4 4.26 3.1 5.39 19 12.5
9 12 10.84 9.13 8.15 8 5.56
10 7 4.82 7.26 6.42 8 7.91
11 5 5.68 4.74 5.73 8 6.89

Note that these data exaggerate systematic effects for demonstration. In
real data, such effects can be much more subtle, requiring the residual plots to
be studied carefully.

Carry out the same analysis for the data sets in the exercise you
reviewed, where the fits are weighted.

As noted previously, when only one of the plotted variables has significant
uncertainties, it must be the dependent variable, or else there is no point in
fitting. Weighted fitting assumes uncertainties in only the dependent variable.
Should the independent variable be appreciably uncertain (though, again, no
more significantly uncertain than the dependent variable), a typical way to take
this uncertainty into account is to estimate its possible effect on the dependent
variable, an approach called effective variance, illustrated in Figure 1.

In this approach, one fits the data ignoring the independent variable uncer-
tainties, then uses the resulting curve equation to evaluate the magnitude of
shifts in the predicted values of the dependent variable at each value of the in-
dependent variable to get a set of effective standard uncertainties which should
then be added (in quadrature) to the original dependent variable uncertainies.

Thus, if the curve found without considering independent variable uncer-
tainties is ŷ = f(x). Then, dŷ = f ′(x)dx implies u(ŷi)eff = f ′(x)u(xi), through
which the uncertainty of each value of the dependent variable is adjusted to
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Figure 1: A sketch illustrating how an effective standard uncertainty in the
dependent variable due to uncertainty in the independent variable is determined
from a preliminary fit ignoring the independent variable uncertainty. [From
Module 5, Uncertainty in Physical Measurements, David N. Harrison.]

compensate for the uncertainty in its respective independent variable partner:

u(yi)total =
√
u(yi)2 + u(ŷi)2

eff (2)

The data should then be refit using the compensated (total) dependent variable
uncertainty.

A frictionless cart of mass M is accelerated by the tension in a
massless, inelastic string attached to the side of the cart and run over
a frictionless and massless pulley. A series of weights are attached to
the other end of the string. The force on the cart is then computed
with F = mg. The cart’s acceleration is measured. By appropriately
fitting the data in Table 2, determine M , the cart’s mass. Provide all
details (plots, quantities, etc.) to justify your determination.

Table 2: Force on and acceleration of a frictionless cart under constant tension.
F [N ] a [m/s2]

0.25 ± 0.03 0.6 ± 0.1
0.74 ± 0.03 1.4 ± 0.1
1.23 ± 0.03 2.4 ± 0.2
1.72 ± 0.03 3.4 ± 0.3
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