
Modeling and Simulation III

Monte Carlo (MC) is a generic name for a group of techniques that rely on
random or pseudo-random numbers and statistical techniques to solve a variety
of problems by sampling probability distribution functions that characterize
complex systems.

1 Random Number Generators

Random number generators (RNGs) are algorithms or devices capable of pro-
ducing patternless sequences. Historically, physical techniques, such as flipping
coins, tossing dice, pulling cards from a shuffled deck, and the like, served this
purpose. At present, physical techniques include analog noise and radioactive
decay, among other.

Computers are now frequently used. Nearly all higher-level languages pro-
vide one or more generators in their libraries. Due to the finite resolution of
computers, such algorithms eventually repeat, and so are not truly random.
They are referred to as pseudo-random number generators (PRNGs).

The typical computer algorithm relies on the generation of chaotic sequences.
Two of the most popular are iteration methods referred to as congruential.

Linear Congruential Generator (LCG)

xn+1 = (a ∗ xn + c)%m

The parameters of an LCG, the multiplier, a, increment, c, and modulus,
m, are (often large) integers. a and c are prime numbers, while m is typically
a power of two, usually related to the number of available memory addresses.
The symbols %, known as modulo, indicates that the result is the remainder
after dividing the quantity to the left of the symbol by the quantity on the right
(the modulus).

Multiplicative Congruential Generator (MCG) A slightly simpler algo-
rithm, with correspondingly shorter randomness, sets c = 0:

xn+1 = (a ∗ xn)%m,

The initial or starting value in each algorithm (x0) is referred to as the seed.
For any given seed, the resulting sequence, though chaotic, is determined by the
parameter, and so the procedure is classified as deterministic. Keeping track of
the seed is a good idea, in case a calculation needs to be repeated. It is common,
when different sequences need to be generated, to use the system clock time (an
unique value) as the seed.

1. Review and understand the program:
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It implements a linear congruential generator (LCG) to generate and his-
togram a uniform distribution of (pseudo-)random numbers between 0 and
1. It generates the same number of random numbers with numpy’s built-
in uniform generator, random.rand(), and overlays this distribution on
the programmed generator. Finally, it generates two more LCG uniform
distributions and plots the three in a three-dimensional scatter plot. If
the generator are really random, no structure would be seen in the scatter
plot.

The LCG generates chaotic sequences, which means that each sequence is
critically sensitive to the intial conditions (that is, the parameters of the
generator), and, depending on these, may progress chaotically or become
“trapped” in an attractor. The chaotic sequence will display no structure
in the three-dimensional scatterplot, but the trapped sequence will.

Generate some sequences of a few (say 10) thousand numbers with a num-
ber of different initial conditions:

(a) (Numerical Recipes) multiplier = 1664525, increment = 1013904223,
modulus = 232, seed = clock time

(b) (ANSI C and glibc) multiplier = 1103515245, increment = 12345,
modulus = 231, seed = clock time

(c) (Borland C/C++) multiplier = 22695477, increment = 1, modulus
= 232, seed = clock time

(d) multiplier = 1229, increment = 1, modulus = 212, seed = clock time

(e) Your choice

and see how they compare to the numpy generator and whether they are
truly chaotic.

2. Note that the difference between a LCG and multiplicative congruential
generator (MCG) is that the MCG increment is always 0. Check how the
MCG responds to different initial conditions (parameters).

2 Generating Probability Distribution Functions

Generators, such as those discussed above, produce numbers distributed evenly
between 0 and 1. A flat distribution between any limits can be produced by
scaling and shifting the generator output, ax+ b, where x is a random number
between 0 and 1, a is a scale factor and b is a shift value.

3. Produce and histogram a flat, uniform distribution of 10000 numbers be-
tween −1 and 2, and compare with the equivalent numpy random distri-
bution.
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With numpy, this would be done as
mp.hist(np.random.uniform(-1, 2, 10000))

Recall that the probability of choosing a certain value from a continuous
distribution is zero. Finite probabilities can only be associated with intervals
(by integration).

It is possible to produce other continuous distributions. Library routines are
usually available for different kinds of distributions. Nevertheless, we discribe
how a few non-uniform distributions can be generated.

Gaussian One way to produce random numbers distributed normally, or,
equivalently, that follow a Gaussian distribution, is to rely on the Central Limit
Theorem: produce a series of, say, 10 generated numbers, and find the average.
A collection of these averages should form a bell curve. The center and stan-
dard deviation are transformed into a standard normal distribution (mean = 0,
standard deviation = 1) by shifting the resulting distribution by the mean and
dividing the difference by the distribution’s standard deviation: Z = (x− x̄)/s.

Refer to:
http://physics.gmu.edu/~rubinp/courses/407/normal_random_generator.

py

Exponential Some functions can be inverted without much effort. If the
desired distribution is represented by such a function, then a series of outputs
of the inverse of the function acting on evenly-distributed, randomly generated
numbers, generateis the distribution of interest. The inverse of an exponential
function is, of course, a natural log function.

Refer to:
http://physics.gmu.edu/~rubinp/courses/407/exponential_random_generator.

py

Sinusoidal If x1 and x2 are outputs of a uniform random number generator
between 0 and 1, then, if we generate two numbers, v1 = x1, which is flat
between 0 and 1, and v2 = 2x2 − 1, which is flat between −1 and 1, we can
calculate a third number, r, such that r2 = v21 + v22 . If r2 > 1, then start over
and regenerate two new numbers, v1 and v2; otherwise, the sine of a random,
evenly distributed angle between −π/2 and π/2, is given by

sin θ =
2v1v2
r2

,

and cosine over the angular distribution 0 to π is given by

cos θ =
v22 − v21
r2

.

Refer to:
http://physics.gmu.edu/~rubinp/courses/407/sinusoidal_random_generators.

py
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4. Produce and histogram Gaussian, exponential, sine and cosine distribu-
tions, and compare the Gaussian and exponential distributions to equiva-
lent numpy distributions, using np.random.normal(mean, standard deviation,
sample size), and np.random.exponential(scale parameter, sample size) [the
scale parameter is the inverse of the rate parameter or decay constant]–
there is no numpy sinusoidal probability distribution function.
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