
Modeling and Simulation I
[Adapted from ”Using Python in Introductory Physics”, developed by E.

Ayars]

Euler’s Method You should recall that the slope of a velocity versus time
graph is the instantaneous acceleration, and the area under the velocity curve
is the displacement. The area under a curve is found by integrating, which,
conceptually, is the summing of portions of the area in the limit that the width
of each portion goes to zero and the number of portions goes to infinity.

Eulers method keeps both the width and the number of portions finite, and
approximates each portion as a rectangle, where the base is the width of the
portion and the height is the value of the curve at the beginning of the base.

Calculating each small area and summing them are tedious tasks, but made
painless with good computer code. That’s not so say that writing the code is
painless, but once it’s done, the computer does all the math.

Consider the one-dimensional problem of free-fall with constant acceleration.
The differential equations that describe such motion are:

v =
dx

dt
or dx = vdt (1)

and

a =
dv

dt
or dv = adt (2)

The differentials, dx, dv, and dt are infinitessimal differences, and the exact
solutions to the set of equations 1 and 2 are found by integration.

However, we can approximate these equations with finite differences:

dx → ∆x ≡ xf − xi (3)

dv → ∆v ≡ vf − vi (4)

dt → ∆t ≡ tf − ti (5)

Now, we can imagine dividing the area under a velocity versus time curve
into many (the more the better the approximation) small, rectangular areas,
each with a base of length ∆t. The height of the rectangle, in Euler’s method,
is the initial velocity of the interval (the same as the final velocity of the pre-
vious interval). Time increments by ∆t, tf = ti + ∆t. The small displacement
represented by the area of this rectangle is then ∆x = vi∆t. The velocity for
the next rectangle is calculated to be vf = vi + a∆t, and vf becomes vi of the
next rectangle. Looping through many ∆ts, the velocity increments and the
areas are summed. In the end, an approximation of the final velocity and of
total displacement are found.

This is a little tricky to describe in words.

1. Create and run a program based on:

http://physics.gmu.edu/~rubinp/courses/407/freefalleuler.py
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You can see that the agreement is fair, getting worse with each time in-
crement.

2. Change Dt to 0.01 and the number of calculations N to 1000, and see if
there is improvement.

3. Write a similar program for uniformly accelerated circular motion (circular
motion with constant acceleration). That is:

dθ = ωdt (6)

dω = αdt (7)

with α = 2 rad/s2, ωi = −9 rad/s, and θi = 0.5 rad.

Penny Drop Myth

The myth: A penny dropped from the top of a skyscraper (the Empire
State Building in NYC) will gain enough kinetic energy at sidewalk level either
to kill a pedestrian or to embed itself in the concrete sidewalk.

View: https://www.youtube.com/watch?v=3oIakJekCZU

1. Model the penny’s drop from the top of the Empire State building as
being subject only to the earth’s gravitational attraction. Plot the penny’s
position, velocity, and kinetic energy as a function of time from release
until it reaches the base of the building.

2. An object moving through a fluid (gas or liquid) interacts with the fluid
such that it exerts a force on the fluid and the fluid, by Newton’s third
law, in turn exerts and equal and opposite force on the object. This force
is know as a drag force, Fd, which can be modeled as

Fd =
1

2
ρv2CdA

where ρ is the fluid’s density, v is the object’s velocity, Cd is a dimensionless
quantity called the drag coefficient, and A is the object’s cross-sectional
area. Cd depends on the object’s shape (but not it’s cross-sectional area)
and on the Reynold’s number

Re =
ρuL

µ

where ρ is the fluid’s density, u is the fluid’s flow speed, L is a charac-
teristic length (associated with the object), and µ is the fluid’s dynamic
viscosity (its resistance to deformation). At low Re, Cd is asymptotically
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proportional to 1/Re, and the drag is linearly proportional to the speed.
At high Re, Cd is approximately constant, so the drag varies as v2.

Model the drag force with large Re (i.e., Fd ∼ v2), and plot the penny’s
position, velocity, and kinetic energy as a function of time from release
until it reaches the base of the building.

Note that at terminal velocity

1

2
ρv2termCdA = mg

so

Cd =
2mg

ρv2termA

3. What else would need to be added to the model for a realistic simulation?
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