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Atomistic modeling of the c and c0-phases of the Ni–Al system
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Abstract

A new embedded-atom potential has been developed for Ni3Al by fitting to experimental and first-principles data. The potential

describes lattice properties of Ni3Al, point defects, planar faults, as well as the c and c0 fields on the Ni–Al phase diagram. The

potential is applied to calculate the energies of coherent Ni/Ni3Al interphase boundaries with three different crystallographic ori-

entations. Depending on the orientation, the interface energy varies between 12 and 46 mJ/m2. Coherent c=c0 interfaces existing at

high temperatures are shown to be more diffuse and are likely to have a lower energy than Ni/Ni3Al interfaces.

� 2003 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Ni3Al is a technologically important intermetallic

compound known for exhibiting an increase in the yield
strength with temperature over a temperature range

(yield stress anomaly) [1]. This compound also forms

the basis of the c0-phase which strengthens commercial

Ni-base superalloys by the precipitation hardening

mechanism [2,3]. Small, usually cuboidal, precipitates of

the c0-phase embedded in Ni-base FCC solid solution (c-
phase) impose resistance to dislocation slip and increase

the strength and creep resistance of superalloys. Atom-
istic computer simulations offer a means of gaining a

better understanding of dislocation behavior in Ni3Al

and in the c=c0 structure, see for example [4–8]. Point

defects and diffusion in Ni3Al have also been examined

by atomistic simulations [9–14]. Diffusion is an impor-

tant factor in the high-temperature behavior of Ni3Al

and superalloys, as are the interphase boundaries c=c0.
Diffusion controls the degradation rate of the c=c0

structure at high temperatures and the dislocation pro-

cesses accompanying creep. The structure and energy

of c=c0 interfaces influence the slip transfer between the

two phases and the thermodynamics stability of c0

particles.
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The credibility of results delivered by atomistic sim-

ulations largely depends on the robustness of inter-

atomic potentials employed in the simulations. Most

simulations employ many-body potentials based on the
Finnis–Sinclair method [15] or the embedded-atom

method (EAM) [16]. Several EAM potentials have been

proposed for Ni3Al (see [17] for a review), the best

known of them being the potentials by Foiles and Daw

(FD) [9] and by Voter and Chen (VC) [18]. All Ni3Al

potentials developed so far have been fit to experimental

values of the lattice parameter, cohesive energy, elastic

constants and other experimental properties.
It has recently been recognized that the incorporation

of first-principles data in the fitting database, together

with experimental data, can significantly improve the

reliability of interatomic potentials [19–26]. First-prin-

ciples data sample a larger area of configuration space

than experimental data do, including configurations far

away from equilibrium states. This broader sampling

improves the transferability of potentials to various lo-
cal environments that can be encountered during at-

omistic simulations. Even if the accuracy of fit to

particular experimental numbers remains the same, po-

tentials developed by this scheme tend to be more ro-

bust. This scheme has recently been applied to construct

an accurate EAM potential for the B2–NiAl compound

of the Ni–Al system [24]. Unfortunately, properties of

Ni and Ni3Al predicted by that potential are not at a
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level of accuracy that would warrant its application to

atomistic simulations of these phases.

Therefore, in this work we shift the focus to Ni and

Ni3Al. We will apply our scheme [20,23,24,26] to con-

struct an accurate EAM potential describing Ni, Ni3Al,
as well as the thermodynamic equilibrium between the c
and c0-phases of the Ni–Al system. We are testing the

new potential by calculating a large variety of properties

ranging from phonon frequencies and thermal expansion

to the Ni–Al phase diagram and c=c0 interfaces. Such a

detailed characterization of a potential is essential for its

future applications. We also discuss the issue of global

transferability (or rather, lack thereof) of existing EAM
potentials across the entire Ni–Al phase diagram.
2. Construction of the potentials

The EAM represents the total energy Etot of a col-

lection of atoms in the form [16]

Etot ¼
1

2

X
i;j

UijðrijÞ þ
X
i

FiðqiÞ: ð1Þ

Here UijðrijÞ is the pair-interaction energy between at-

oms i and j separated by a distance rij, Fi is the em-

bedding energy of atom i and qi is the host electron

density induced by all surrounding atoms j at the loca-

tion of atom i. The host electron density is given by

qi ¼
X
j 6¼i

qjðrijÞ; ð2Þ

where qjðrÞ is the electron-density function assigned to

atom j. The pair-interaction, electron-density and

embedding functions depend on the chemical sorts of

atoms. Therefore, a full description of a binary system
A–B requires seven potential functions: UAAðrÞ, UABðrÞ,
UBBðrÞ, qAðrÞ, qBðrÞ, FAðqÞ and FBðqÞ. All functions but

UABðrÞ can be obtained by fitting to properties of indi-

vidual elements A and B. The cross-interaction function

UABðrÞ can be then fitted to properties of binary alloys

and/or compounds of the system. While implementing

this fit, we take advantage of certain mathematical

transformations that do not affect the total energies of
elements A and B but do change the energy of the binary

system. Such transformations include

qBðrÞ ! sBqBðrÞ; ð3Þ

FBðqÞ ! FBðq=sBÞ; ð4Þ

FAðqÞ ! FAðqÞ þ gAq; ð5Þ

FBðqÞ ! FBðqÞ þ gBq; ð6Þ

UAAðrÞ ! UAAðrÞ � 2gAqAðrÞ; ð7Þ

UBBðrÞ ! UBBðrÞ � 2gBqBðrÞ: ð8Þ
The transformation coefficients sB, gA and gB can be

used as additional adjustable parameters when fitting

the cross-interaction function [18].

Following this scheme, for the Ni–Al system we first

need to create EAM potentials for pure Ni and Al and
then construct a cross-interaction potential UNiAlðrÞ.
For Al, we will reuse the EAM potential developed in

our recent work [26] as a part of the Ti–Al potential set.

We will reproduce here the optimized fitting parameters

and the relevant properties of Al to make this paper self-

contained. For Ni, we will develop a new potential fol-

lowing exactly the same fitting procedure as for Al.

For both Ni and Al, the electron density is postulated
in the form

qðrÞ ¼ w
r � rc
h

� �
A0zye�cz 1ð½ þ B0e

�czÞ þ C0�; ð9Þ

where z ¼ r � r0 and wðxÞ is a cutoff function defined as

wðxÞ ¼ x4

1þ x4
; ð10Þ

if x < 0 and 0 if xP 0. Eq. (9) parameterizes qðrÞ with

eight fitting parameters: A0, B0, C0, r0, rc, h, y and c. One

of them is eliminated by imposing the condition of unit

host electron density in the equilibrium FCC lattice. The
pair-interaction function is parameterized in a general-

ized Lennard–Jones form

UðrÞ ¼ w
r � rc
h

� � V0
b2 � b1

b2
zb1

��
� b1
zb2

�
þ d

�
; ð11Þ

where z ¼ r=r1. The fitting parameters are b1, b2, r1, V0
and d. Notice that the cutoff function guarantees that

both functions qðrÞ and UðrÞ and their derivatives up to

the second one turn smoothly to zero at the common

cutoff distance rc.
The embedding energy F ðqÞ is obtained by inverting

the universal equation of state [26,27] of the FCC

structure. The latter is postulated in the form

EðaÞ ¼ E0 1

"
þ axþ ba3x3

2xþ 3

xþ 1ð Þ2

#
e�ax; ð12Þ

where x ¼ a=a0 � 1 and

a ¼
�
� 9X0B

E0

�1=2

:

In these equations, E is the crystal energy per atom

relative to a set of isolated atoms, E0 is the cohesive

energy (minimum of E), a is the lattice parameter, a0 is
the equilibrium value of a, X0 ¼ a30=4 is the equilibrium

atomic volume, B is the bulk modulus and b is an ad-

justable parameter.

This procedure guarantees an exact fit to the equi-

librium lattice parameter, cohesive energy and bulk

modulus. The cubic term in Eq. (12) allows us to vary

the crystal energy under strong compressions without

altering E0, a0 or B. This gives us an extra degree of
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Fig. 1. Pair-interaction functions of the EAM potential in the effective

pair format.
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freedom to achieve a more accurate match to the ex-

perimental pressure–volume relation by adjusting the

parameter b. This parameterization describes an ele-

mental solid with 13 fitting parameters.

For the cross-interaction function UNiAlðrÞ we also
use the generalized Lennard–Jones form, Eq. (11), with

seven fitting parameters b1, b2, V0, d, r1, rc and h. To-
gether with the transformation coefficients, the binary

system is described by the total of 36 parameters. This is

more than was used in previous potentials for Ni3Al

[9,17,18], but the increased number of parameters is well

justified by the much larger fitting database employed in

this work.
For Ni and Al, the fitting database includes the ex-

perimental values of the lattice parameters, cohesive

energies, elastic constants cij, and the vacancy formation

energy Ef
v and migration energy Em

v . Thermal expansion

factors at several temperatures are also included with a

small weight. The first-principles data are used in the

form of energy–volume relations for several structures:

FCC, HCP, BCC, simple cubic (SC), L12 and diamond.
Here, the L12 structure is a defected FCC lattice with one

unrelaxed vacancy per cubic unit cell. The first-principles

energies were calculated by the linearized augmented

plane-wave (LAPW) method [28] within the local density

approximation (LDA) [29]. The Al calculations were also

performed within the generalized gradient approxima-

tion and the results were found to be similar to the LDA

calculations [26]. Before the fitting process, interatomic
distances in all structures are scaled by the same factor so

that to make the FCC lattice parameter match the ex-

perimental value [20,23,24,26]. This scaling is intended to

correct for the fact that LDA tends to slightly compress

all distances. Because of the different reference energies

in the EAM and first-principles calculations, it is relative,

rather then absolute, structural energies that were used in

the fit. For the cross-interaction function, the fitting
database includes the experimental values of the lattice

parameter and elastic constants of the L12 structure of
Table 1

Optimized values of fitting parameters of the EAM potentials for Ni, Al an

Al Ni

Parameter Value Parameter V

rc (nm) 0.6725 rc (nm) 0

hc (nm) 0.3294 hc (nm) 0

V0 (eV) �3:5032� 103 V0 (eV) �
r1 (nm) 0.2858 r1 (nm) 3

b1 8:5951� 10�2 b1 4

b2 5:0124� 10�2 b2 0

d (eV) 3:7503� 103 d (eV) 3

y 2:0080� 101 y 1

c (1/nm) 4:2799� 101 c (1/nm) 1

B0 (nm) 1:1927� 104 B0 (nm) 1

C0 (1/nm3) 8:6029� 101 C0 (1/nm3) 2

r0 (nm) 5:2755� 10�2 r0 (nm) �
b 0:4890� 10�2 b 0
Ni3Al. The first-principles data contain the formation

energy versus volume relations for the following ordered

structures: L12–Ni3Al, D022–Ni3Al, D03–Ni3Al, B1–

NiAl, B2–NiAl, L10–NiAl, L11–NiAl, B32–NiAl and

40–NiAl (NbP prototype). Between 10 and 20 volumes
around the equilibrium were computed for each struc-

ture. Notice that these data include only two stoichi-

ometries: Ni3Al and NiAl. Again, all interatomic

distances are scaled by the same factor so that to match

the experimental lattice parameter of Ni3Al. All first-

principles data used here were calculated in our previous

work [20,24,26].

The potential functions were optimized by minimiz-
ing the weighted mean-squared deviation of properties

from their target values by the simulated annealing

method. The optimized fitting parameters are listed in

Table 1. The potential functions are available in a tab-

ulated format through the World Wide Web at http://

cst-www.nrl.navy.mil/bind/eam. As an illustration,

Fig. 1 shows the pair-interaction functions transformed

to the effective pair format [24,26,30].
d Ni3Al

Ni3Al

alue Parameter Value

.5168 rc (nm) 0.6500

.3323 hc (nm) 0.2658

3:5126� 103 V0 (eV) 0.6068

:8673� 10�5 r1 (nm) 0.4834

:7067� 10�3 b1 2.9013

.15106 b2 1.0001

:6046� 103 d (eV) �3:4108

:9251� 101 sAl 0.9549

:6802� 103 gNi (eV) 5:8549� 101

:1914� 104 gAl (eV) �1:8162� 101

:0329� 102

0:3138

:4890� 10�2

http://cst-www.nrl.navy.mil/bind/eam
http://cst-www.nrl.navy.mil/bind/eam


Table 2

Lattice properties of Ni and Al calculated with the present EAM po-

tentials in comparison with experimental data

Property Ni Al

Experiment EAM Experiment EAM

a0 (nm)a 0.352b 0.352 0.405c 0.405

E0 (eV)a )4.45b )4.45 )3.36c )3.36

Elastic constants (GPa):a

B 181.0d 181.0 79.0d 79.0

c11 246.5d 241.3 114.0d 116.8

c12 147.3d 150.8 61.9d 60.1

c44 124.7d 127.3 31.6d 31.7

Phonon frequencies (THz):

LðX Þ 8.55e 9.90 9.69e 10.1

T ðX Þ 6.27e 6.78 5.80e 6.08

LðLÞ 8.88e 9.80 9.69e 9.90

T ðLÞ 4.24e 4.29 4.19e 3.98

LðKÞ 7.30e 7.81 7.59e 8.20

T1ðKÞ 5.78e 5.98 5.64e 5.58

T2ðKÞ 7.39e 9.02 8.65e 9.27
a Included in the fitting database.
bRef. [31].
c Ref. [32].
dRef. [33].
e Ref. [34].
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3. Properties of Ni and Al

Table 2 summarizes lattice properties of Ni and Al

calculated with the present EAM potentials in compar-

ison with experimental data [31–34]. The table includes
the phonon frequencies at the zone-boundary points X , L
and K, but the calculations were actually performed all

across the Brillouin zone. While the elastic constants are

fit to experiment very accurately, the phonon frequencies

(which were not included in the fit) tend to overestimate

the experimental values in the high-frequency range. For

Al, the optimized value of the pressure parameter b [see

Eq. (12)] provides an excellent agreement with the ex-
perimental pressure–volume relation up to 700 GPa [26].

Because equally reliable high-pressure data for Ni are

not available, we chose the same b value as for Al.

Thermal expansion factors of Ni and Al were computed

by theMonte Carlo method in which atoms were allowed

to move around their lattice positions and the volume

could fluctuate to ensure the zero-pressure condition

(NPT ensemble) [35,36]. A 864-atom supercell was used
in these calculations. The agreement with experiment [37]

is reasonable (Fig. 2). Even though a few thermal ex-

pansion factors were included in the fit, the potentials
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Fig. 2. Linear thermal expansion of (a) Ni, (b) Al, (c) Ni3Al and (d) NiAl relative to room temperature (293 K). The EAM calculations employed the

NPT Monte Carlo method. The experimental data are the �recommended� values from [37]. The arrow marks the experimental melting point Tm.



Table 4

Equilibrium energies (in eV) of alternative structures of Ni and Al

obtained with the present EAM potential in comparison with first-

principles LAPW calculations [20,24,26]

Ni Al

Structure LAPW EAM LAPW EAM

HCP 0.03 0.02 0.04 0.03

BCC 0.11 0.07 0.09 0.09

L12 0.66 0.54 0.27 0.33

SC 1.00 0.72 0.36 0.30

Diamond 1.94 1.42 0.75 0.88

The energies are given relative to the equilibrium FCC structure.
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underestimate the expansion at high temperatures. Most

of this discrepancy arises from the fact that thermal ex-

pansion was treated during the fitting process in the local

harmonic approximation. The subsequent more accurate

Monte Carlo simulations gave smaller expansion factors.
Lattice defect energies in Ni and Al calculated with

the EAM potentials are compared with experimental

data [38–41] in Table 3. All defect energies were ob-

tained by fully relaxed calculations. The vacancy for-

mation and migration energies were included in the fit,

but all other energies are predictions of the potentials.

The fact that the vacancy properties are in a good

agreement with experiment makes these potentials suit-
able for diffusion simulations. The planar fault energies

(intrinsic stacking fault cSF and symmetrical twin

boundary cT) also compare with experiment reasonably

well. For Al, cSF ¼ 115 mJ/m2 lies on the lower side of

the accepted experimental value (166 mJ/m2) and the

results of first-principles calculations [42,43]. Reliable

experimental data for cus (unstable stacking fault en-

ergy) are not available. The surface energies are quite
reasonable for Ni but less accurate for Al.

The equilibrium structural energies relative to the

FCC structure (Table 4) compare with first-principles

calculations fairly well. It should be noted that it was the

energy–volume curves that were used in the fit and not

the equilibrium energies. In agreement with first-princi-

ples calculations [20], the BCC and SC structures of

both metals are mechanically unstable.
Although the motivation for constructing the Ni and

Al potentials was to obtain supporting functions for

Ni3Al, both potentials turn out to be accurate enough to

be used separately in atomistic simulations of these

metals. They have advantages over some of the existing
Table 3

Lattice defect energies in Ni and Al calculated with the present EAM

potentials in comparison with experimental data

Property Ni Al

Experiment EAM Experiment EAM

Vacancy (eV):a

Ef
v 1.60b 1.57 0.68c 0.71

Em
v 1.30d 1.19 0.65c 0.65

Planar faults (mJ/m2):

cSF 125e 134 166e 115

cus 298 151

cT 43e 68 75e 63

Surfaces (mJ/m2):

(1 1 0) 2280f 2087 980f 792

(1 0 0) 2280f 1936 980f 607

(1 1 1) 2280f 1759 980f 601
a Included in the fitting database.
bRef. [38].
cRef. [39].
dRef. [40].
eRef. [41].
f For average orientation, Ref. [41].
EAM potentials, particularly with respect to the stack-

ing fault energies, vacancy characteristics, thermal ex-

pansion and high-pressure behavior. The potentials are

based on simple analytical functions and should give

stable results in quasi-harmonic calculations as well as in

molecular dynamics and Monte Carlo simulations at

high temperatures.
4. Lattice properties and structural stability of Ni3Al

The lattice parameter and elastic constants of

Ni3Al are accurately fit to the experimental values [4,44]

(Table 5). The cohesive energy E0 is also quite close to the

experimental value �4:62 eV [4,44]. The cohesive energy
was not used in the fit directly but was involved indirectly

through the first-principles formation energy of Ni3Al

and the experimental cohesive energies of Ni and Al.

The phonon dispersion curves in Ni3Al calculated

with the new potential generally agree with experimental

curves measured by neutron scattering at room temper-

ature [45]. Table 6 compares the calculated and experi-

mental phonon frequencies at the zone center C and the
zone boundary points X , R and M . The table reveals,

however, that the potential tends to overestimate phonon

frequencies, especially in the high-frequency range. This

discrepancy mainly reflects the disagreement between

two existing sets of experimental data. Indeed, the elastic

constants deduced from the phonon dispersion data are

c11 ¼ 212, c12 ¼ 125 and c12 ¼ 106 GPa [45]. On the

other hand, we fitted the potential to higher values of the
elastic constants (see Table 5) which had been obtained

by Yoo [4,44] by an extrapolation of room-temperature
Table 5

Lattice properties of Ni3Al calculated with the present EAM potential

in comparison with experimental data

Elastic constants (GPa)a

a0 (nm)a E0 (eV) c11 c12 c44

Experi-

mentb
0.357 )4.620 230 149 132

EAM 0.3571 )4.626 236 154 127
a Included in the fitting database.
bRefs. [4,44].



Table 7

Formation energies of alternative structures of Ni3Al and NiAl ob-

tained with the present EAM potential

Structure EAM LAPW

Ni3Al:

L12 )0.4486 )0.4680
D023 )0.4401
D019 )0.4392
D03 )0.4356 )0.4093
D022 )0.4318 )0.4305
D011 )0.0147

NiAl:

B2 )0.5918 )0.7041
L10 )0.5139 )0.5469
‘‘40’’ )0.4762 )0.5435
B32 )0.4721 )0.3544
B20 )0.4283
L11 )0.3590 )0.3251
B1 0.0596 )0.0335

The results of first-principles LAPW calculations [20,24] are in-

cluded for comparison.

Table 6

Phonon frequencies (in THz) of Ni3Al calculated with the present

EAM potential in comparison with experimental data [45]

Point Branch Exp. EAM

C ¼ ½000� O1 6.12 6.68

O2 6.83 7.68

O3 9.85 12.21

X ¼ 1
2
½001� LA 6.11 6.43

TA 4.59 4.83

LO1 5.82 6.57

TO1 5.22 5.47

LO2 6.59 6.73

TO2 7.29 8.13

LO3 9.45 9.79

TO3 9.68 11.46

R ¼ 1
2
½111� LA 5.77 5.24

TA 4.10 4.35

LO1 4.48 4.64

TO1 4.30 4.64

LO2 8.85 9.38

TO2 5.77 5.24

LO3 10.20 12.16

TO3 10.20 12.16

M ¼ 1
2
½011� LA 4.70 4.75

T1A 5.70 6.55

T2A 3.98 4.37

LO1 7.55 8.02

T1O1 5.62 6.75

T2O1 4.48 4.66

LO2 7.55 8.19

T1O2 5.62 6.75

T2O2 4.70 4.75

LO3 9.80 10.98

T1O3 8.82 10.43

T2O3 9.70 10.98

Branch labeling: O, optical; A, acoustical; L, longitudinal; T,

transversal.
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ultrasonic measurements [46] to 0 K. The larger elastic

constants make the lattice stiffer and inevitably lead to an

overall increase in phonon frequencies.

Thermal expansion coefficients of Ni3Al calculated

by the NPT Monte Carlo method show a good agree-
ment with experiment (Fig. 2(c)). Thermal expansion of

Ni3Al was not used in the potential fit.

Table 7 summarizes the equilibrium formation ener-

gies of several structures of Ni3Al relative to FCCNi and

Al. For the structures used in the fit, the respective first-

principles energies are also included. Notice that some of

the structures, most notably D023 and D019, strongly

compete with L12 for stability and have only slightly
higher energies. These subtle energy differences between

the structures are very important as they correlate with

some of the planar fault energies in Ni3Al (see below).
5. Planar faults in Ni3Al

Energies of planar faults in Ni3Al have a strong im-
pact on the dislocation core structure and ultimately the

deformation behavior of the material. The most

common dislocations in Ni3Al are h110i screw super-

dislocations dissociated into 1=2h110i superpar-

tials separated by an antiphase boundary (APB) on a

{1 1 1} plane [1,7,47,48]. Each superpartial, in turn, can

dissociate into Shockley partials separated by a complex

stacking fault (CSF). An alternative, although less
common scenario, is the dissociation of a superdisloca-

tion into 1=3h211i Kear superpartials bounding a su-

perlattice intrinsic stacking fault (SISF). Thus, the (1 1 1)

APB, CSF and SISF planar faults largely determine the

dislocation core structure and mobility. Furthermore, at

high temperatures the leading superpartial gliding on a

{1 1 1} plane, or its segments, can cross-slip into cubic

h100i planes and form locked configurations. The
driving forces for this cross-slip are the elastic anisot-

ropy creating a torque force between the two super-

partials [49], as well as the APB anisotropy, with the

(1 0 0) APB having a lower energy than the (1 1 1) APB.

Because the cross-slip requires a constriction of the CSF,

it is a thermally activated process which is considered to

be responsible for the yield stress anomaly in Ni3Al

[1,7,47,48].
Each planar fault is produced by a relative shift of

two half-crystals by an appropriate translation vector

parallel to the (1 1 1) (respectively, (1 0 0)) plane. To

calculate the fault energy, first the so-called c surface

[50] is computed for the (1 1 1) and (1 0 0) planes. The c
surface represents a plot of the partially relaxed fault

energy as a function of the translation vector. The

partial relaxation allows only atomic displacements
normal to the fault plane while in-plane displacements

are prohibited. Local minima on the c surface represent

stable planar faults. At the second step, the structures
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corresponding to the minima are fully relaxed by al-

lowing arbitrary atomic movements. The energy de-

crease at the second step is usually small (a few mJ/m2).

All four types of fault in Ni3Al were found to be

stable. In agreement with previous calculations [51,52],
the equilibrium translation vectors of the (1 1 1) APB

and CSF were found to be slightly shifted away from

their ideal positions expected from hard-sphere consid-

erations. In contrast, the positions of the SISF and

(1 0 0) APB coincide with those dictated by symmetry.

Table 8 reports the obtained fault energies and com-

pares them with experimental data [53–55] and recent

first-principles calculations [51,52,56,57]. The agreement
with first-principles data is quite satisfactory. The lower

APB energy on cubic planes relative to octahedral

planes provides the required driving force for the cross-

slip process.

Table 8 also contains the fault energies calculated

with the FD [9,44] and VC [18,58] potentials. Their

agreement with first-principles calculations appears to

be less accurate. The FD potential strongly underesti-
mates the (1 0 0) APB energy while the VC potential

underestimates the CSF and especially SISF energies. It

should be noted that the VC potential was fit to exper-

imental energies of some of the faults, whereas the FD

potential was not fit to any fault energies. Since our

potential was not fit to planar fault energies either, we

believe that its agreement with first-principles fault en-

ergies is due to the presence of first-principles structural
energies in the fitting database. Indeed, the (1 0 0) APB

energy is known to correlate with the energy difference

between the L12 and D022 structures [51], both of which

were included in the fit. Likewise, the SISF energy cor-

relates with the L12–D019 energy difference. Although

the D019 structure was not used in the fit, its energy is

likely to be accurate due to the broad sampling of

configuration space by other structures.
Table 8 demonstrates that there is a good agreement

between experimental and first-principles energies for all
Table 8

Comparison of calculated and experimental values of planar fault energies (

Fault Experiment Ab initio

(1 1 1) APB 180;a 175;b 195c 188;d 210;e 172f

(1 1 1) CSF 206;a 235;b 236c 225;e 223f

(1 1 1) SISF 6b 80;e 79f

(1 0 0) APB 104;b 160c 121g

aRef. [53].
bRef. [54].
cRef. [55].
dRef. [51].
eRef. [52].
f Ref. [56].
gRef. [57].
hCalculated in this work.
faults except for SISF. In the latter case, the discrepancy

is as large as on order of magnitude. One possible ex-

planation for this discrepancy could conceivably be a

decrease in the fault energies with temperature relative to

their zero-temperature values. Notice that all calculated
energies in Table 8 refer to 0 K. At finite temperatures, a

fault can develop local deviations of the site occupation

from the one in the ideal fault structure, which can re-

duce the excess free energy of the fault. One can speculate

that this effect could be strongest for the SISF fault,

which would then explain the above discrepancy.

In order to test this hypothesis, we have performed

grand-canonical Monte Carlo calculations of equilib-
rium site occupation across each fault in stoichiometric

Ni3Al at the temperature of T ¼ 1000 K. Technical de-

tails of this method will be discussed later (Section 7).

Fig. 3 shows the concentration of Ni atoms on Al sites

(i.e., sites occupied by Al atoms at 0 K) as a function of
in mJ/m2) in Ni3Al

EAM

Present work Refs. [9,44] Refs. [18,58]

252 156 142

202 259 121h

51 96 13

80 28 83



Table 9

Calculated raw formation energies (eP ), entropies (sP ), and volumes

(XP ) of point defects in Ni3Al

Defect eP (eV) sP=kB XP=X0

VNi 6.262 )4.957 )0.144
VAl 6.428 )3.727 )0.240
AlNi 0.893 )0.486 0.273

NiAl 0.781 1.141 )0.213

The entropies were calculated within the harmonic approximation

to atomic vibrations.
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distance across the faults. The (1 1 1) APB shows sig-

nificant deviations from the ideal site occupation, sug-

gesting that its excess free energy may decrease with

temperature. A quantification of this decrease is beyond

the scope of this work. Qualitatively, however, this effect
would bring our EAM-calculated (1 1 1) APB energy to

a better agreement with experiment (cf. Table 8). For the

CSF fault, the local antisite disorder is much weaker,

whereas for the (1 0 0) APB and SISF it is negligible.

Accordingly, the energies of these faults are not expected

to change with temperature significantly.

These observations are in line with the calculations by

Skinner et al. [59] who applied a thermodynamic inte-
gration method along an alchemy path in conjunction

with molecular dynamics to evaluate the temperature

dependencies of the (1 1 1) and (1 0 0) APB energies.

They used a Finnis–Sinclair potential for Ni3Al con-

structed by Vitek et al. [6]. According to their calcula-

tion, the (1 1 1) APB energy decreases from 226 mJ/m2 at

0 K to 193� 31 mJ/m2 at 900 K. The (1 0 0) APB energy

changes by a lesser amount, from 53 mJ/m2 at 0 K to
44� 57 mJ/m2 at 900 K [59].

Thus, contrary to our assumption, the SISF energy is

unlikely to decrease with temperature significantly. This

leaves the existing discrepancy between the first-princi-

ples and experimental SISF energies an open question

that calls for a clarification in the future. Experimental

fault energies are calculated from measured dislocation

dissociation widths using elasticity theory. It cannot be
excluded that the widely dissociated SISF dislocations

observed in experiment [54,48] might not have been in

true equilibrium.

The fact that the (1 1 1) APB and CSF faults are

prone to local antisite disorder while the (1 0 0) APB

and SISF are not is understandable from simple geo-

metric considerations. Al atoms, which are separated

from each other in the ideal L12 structure, become
nearest neighbors across the (1 1 1) APB and CSF.

Because of the large ordering energy of Ni3Al the ex-

istence of such neighbors is highly unfavorable and

leads to relatively large fault energies (Table 8). When

atoms become movable at high temperatures, some of

the Al atoms involved in Al–Al bonds tend to be re-

placed by Ni atoms since this can decrease the config-

urational energy. In contrast, the first-neighbor
environments at the (1 0 0) APB and SISF faults are

similar to those in L12 structure. These faults can be

thought of as layers of a slightly different crystal

structure with the same stoichiometry. Their energy is,

therefore, relatively low and the antisite disorder (if

any) is not much different from that in the bulk. To

reflect the physically different origin of the fault energy,

Paxton and Sun [51] called the (1 1 1) APB and CSF
faults ‘‘chemical’’ while the (1 0 0) APB and SISF faults

‘‘structural’’. The simulation results shown in Fig. 3 are

consistent with this classification.
6. Point defects and diffusion in Ni3Al

Point defects accommodate off-stoichiometry and

mediate atomic diffusion in intermetallic compounds.

To calculate their formation free energies and equilib-
rium concentrations in Ni3Al, we will follow the scheme

proposed in [60]. Neglecting interstitials, Ni3Al supports

four types of point defect: vacancies VNi and VAl and

antisites AlNi and NiAl (the subscript refers to the sub-

lattice). So-called ‘‘raw’’ formation energies, entropies

and volumes of individual point defects have been

computed using a 864-atom cubic supercell. A single

point defect was created in the center of the supercell
and the total energy was minimized with respect to local

atomic displacements and the supercell volume. The raw

defect energy eP (P ¼VNi, VAl, AlNi or NiAl) is defined as

the energy difference between the defected supercell and

the initial perfect one. Likewise, the raw defect entropy

sP is the entropy difference between the defected and

perfect supercells. The entropy is identified with the vi-

brational entropy and the latter is treated within the
classical harmonic approximation [61]. This calculation

requires a construction and diagonalization of the dy-

namical matrix of the supercell, followed by a substi-

tution of the obtained normal vibrational frequencies in

the standard expression for the harmonic entropy. One

corner atom of the supercell is fixed (excluded from the

dynamical matrix) to eliminate the three translational

degrees of freedom. The raw formation volume XP is
defined as the volume change during the supercell re-

laxation.

The raw formation energies, entropies and volumes

calculated with the present EAM potential are listed in

Table 9. The raw vacancy volumes are negative as ex-

pected. The NiAl antisite volume is also negative due to

the smaller atomic size of Ni relative to Al. For the same

reason, the AlNi antisite volume is positive. The atomic
size difference is also responsible for the different signs of

the antisite entropies. Indeed, the lattice around an AlNi

antisite is compressed. This compression gives rise to

high-frequency modes in the vibrational spectrum and

thus a reduction in the vibrational entropy. In contrast,

lattice regions around a NiAl antisite are under tension

and the vibrational spectrum is slightly shifted towards

low frequencies, resulting in a larger entropy.
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Raw properties of an individual point defect are not

sufficient for calculating its equilibrium concentration.

This is because point defects can convert to each other

through various defect reactions. For example, an Al

vacancy exchanging with a neighboring Ni atom creates
a NiAl antisite and becomes an Ni vacancy. Under

equilibrium conditions, point defects appear in such

amounts that to satisfy dynamic equilibrium with re-

spect to all possible reactions and at the same time

preserve the initial (generally, non-stoichiometric)

chemical composition of the compound. The calculation

of equilibrium defect concentrations is, therefore, a

global problem that involves raw properties of all de-
fects. Such calculations are usually based on the lattice

gas model of non-interacting point defects [60,62–64].

The input data for the model are the raw free energies of

individual defects, gP ¼ eP � TsP þ pXP (p being the ex-

ternal pressure), as well as the perfect lattice free energy

g0 ¼ E0 � Ts0 þ pX0, where s0 ¼ 6:383kB/atom is the

perfect lattice entropy. Equations expressing thermo-

dynamic equilibrium conditions are solved for defect
concentrations numerically using the iterative procedure

described in [60]. In this work, all calculations are per-

formed at zero pressure.

The calculated equilibrium defect concentrations

(number per lattice site) as functions of the chemical

composition at T ¼ 1000 K are presented in Fig. 4.

This plot shows that deviations from the stoichiometry

are accommodated predominantly by antisite defects,
whereas the vacancy concentrations remain relatively

low. In Ni-rich compositions, the excess Ni atoms

reside predominantly on the Al sublattice as NiAl

antisites. Likewise, in Al-rich compositions the excess

Al atoms reside on the Al sublattice as AlNi antisites.
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potential using the lattice gas model of non-interacting defects. The
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Even in stoichiometric Ni3Al, in which all point defects

represent thermal excitations, the antisite concentra-

tions are about four orders of magnitude higher than

vacancy concentrations. This behavior is observed

at all temperatures up to the melting point and is
consistent with experimental positron annihilation

measurements [65].

We will now describe a crude but very useful ana-

lytical model of point defects in Ni3Al. As a first ap-

proximation, we can neglect the existence of vacancies

and consider Ni3Al as a lattice gas of non-interacting

antisites. Then, the model equations are solved analyti-

cally to give the following expressions for the atomic
fractions of antisites relative to their sublattices [60]:

XAlNi
¼ � x

2a
þ x2

4a2

�
þ b

a
K
�1=2

; ð13Þ

XNiAl
¼ x

2b
þ x2

4b2

�
þ a

b
K
�1=2

; ð14Þ

where

K ¼ exp

�
� gAlNi

þ gNiAl

kBT

�
: ð15Þ

To keep these equations more general we represent the

compound in the form NiaþxAlb�x, where aþ b ¼ 1 and

the off-stoichiometry x is related to the Al composition

(atomic fraction) cAl by

cAl ¼ b� x: ð16Þ

For Ni3Al, a ¼ 3=4 and b ¼ 1=4. Knowing the antisite

concentrations, we can find the vacancy concentrations

from the conditions of dynamic equilibrium with respect

to defect reactions involving both vacancies and anti-
sites. This gives us [60]

XVNi
¼ XAlNi

� �b
exp

�
� gVNi

þ g0 � bgAlNi

kBT

�
; ð17Þ

XVAl
¼ XNiAl

� �a
exp

�
� gVAl

þ g0 � agNiAl

kBT

�
: ð18Þ

In the particular case of a stoichiometric composition

(x ¼ 0), Eqs. (13)–(15) reduce to the following expo-

nential expressions:

XAlNi
¼ b

a

� �1=2

exp

�
� gAlNi

þ gNiAl

2kBT

�
; ð19Þ

XNiAl
¼ a

b

� �1=2

exp

�
� gAlNi

þ gNiAl

2kBT

�
: ð20Þ

Given that the raw free energies are linear functions of

temperature, Eqs. (19) and (20) reproduce the Arrhenius

law. Combining them with Eqs. (17) and (18), the va-

cancy concentrations also depend on temperature

through Arrhenius exponents. Furthermore, it turns out
that defect concentrations in Ni-rich and Al-rich com-



Table 10

Effective formation energies of point defects in stoichiometric, Ni-rich and Al-rich Ni3Al calculated with the present EAM potential and by first-

principles methods

Al-rich Stoichiometric N-rich

VNi:

Expression eVNi
þ E0 � beAlNi

eVNi
þ E0 þ b

2
ðeNiAl

� eAlNi
Þ eVNi

þ E0 þ beNiAl

EAM 1.419 1.628 1.837

Ab initioa 1.683 1.863 2.043

VAl:

Expression eVAl
þ E0 þ aeAlNi

eVAl
þ E0 � a

2
ðeNiAl

� eAlNi
Þ eVAl

þ E0 � aeNiAl

EAM 2.478 1.850 1.222

Ab initioa 3.213 2.673 2.133

AlNi:

Expression 0 1
2
eAlNi

þ eNiAl

� �
eAlNi

þ eNiAl

EAM 0 0.837 1.674

Ab initioa 0 0.720 1.440

NiAl:

Expression eAlNi
þ eNiAl

1
2
ðeAlNi

þ eNiAl
Þ 0

EAM 1.674 0.837 0

Ab initioa 1.440 0.720 0

a ¼ 3=4 and b ¼ 1=4 are stoichiometric coefficients for Ni3Al.
aRef. [66].

1460 Y. Mishin / Acta Materialia 52 (2004) 1451–1467
positions also follow the Arrhenius law but with differ-

ent exponents. Table 10 summarizes the energies ap-

pearing in all exponential expressions relating to

different compositions and types of point defect. Those

energies are called the effective formation energies of

point defects because it is these quantities that are de-
duced from the slopes of experimental Arrhenius plots

of defect concentrations. It should be emphasized that

the off-stoichiometric expressions in Table 10 are only

valid if x greatly exceeds all defect concentrations. For

an arbitrary composition, defect concentrations do not

have to follow the Arrhenius law exactly. The effective

formation entropies and volumes are given by expres-

sions similar to those in Table 10 up to the replacements
eP ! sP , E0 ! s0 and eP ! XP , E0 ! X0, respectively.

Table 10 also contains the effective formation ener-

gies obtained with the present EAM potential and by

first-principles calculations [66]. The agreement between

the two calculation methods is satisfactory. The EAM-

predicted effective formation energy of Ni vacancies in

stoichiometric Ni3Al, 1.628 eV, is in excellent agreement

with the experimental value, 1.6 eV [67].
Returning to Fig. 4, we observe that antisite con-

centrations in off-stoichiometric compositions can be as

high as a few atomic per cent. Under such conditions,

interactions between antisites can be a significant factor

in thermodynamic properties of the compound (Section

7). Binding energies of antisites have been calculated

using the same 864-atom supercell as for single defects.

The binding energy is defined as the raw energy of a pair
of neighboring antisites minus the sum of raw energies

of isolated antisites. The binding energy of two AlNi

antisites was found to be 0.391 eV for first neighbors

and 0.030 eV for second neighbors. NiAl antisites can
only be second neighbors and their binding energy is

small, 0.024 eV. In all three cases the antisites repel each

other. It should be pointed out, however, that these

binding energies only include direct interactions between

neighboring antisites. Since antisites have non-zero

formation volumes, they produce long-range elastic
fields and can interact also through image forces existing

at the crystal surface [68]. This second component of

binding, which becomes quite noticeable at large antisite

concentrations, is attractive for NiAl antisites (negative

formation volume) and repulsive for AlNi antisites (po-

sitive formation volume) [68]. In effect, the image forces

tend to decrease the NiAl–NiAl binding energy and in-

crease the AlNi–AlNi binding energy. A more detailed
analysis of the image forces will be reported elsewhere.

Diffusion mechanisms in Ni3Al are not well under-

stood at present. Ni is believed to diffuse along its own

sublattice by the simple vacancy mechanism [11–14]. Al

diffusion mechanisms are essentially unknown but are

likely to be more complex than for Ni diffusion. Since Al

atoms are isolated from one another in the L12 struc-

ture, the mechanism of nearest-neighbor vacancy jumps
is prohibited. Molecular static calculations of vacancy

jump barriers [11,13,14] suggest that Al could diffuse by

either 6-jump vacancy cycles or exchanges between AlNi

antisites and Ni vacancies.

For the jump barrier of a Ni vacancy on the Ni

sublattice, our EAM potential gives 1.242 eV in excellent

agreement with the experimental value 1.2 eV [67]. By

adding this barrier to the effective formation energy of
Ni vacancies (Table 10), the lower bound of the acti-

vation energy Q of Ni diffusion in stoichiometric Ni3Al

can be obtained. This results in Q ¼ 1:628þ 1:242 ¼
2:87 eV, while experimental radiotracer measurements



Table 11

Thermodynamic parameters describing Ni, Al, Ni3Al and NiAl

g0 (eV) h0 (eV) A (10�3/K) B (10�6/K2)

Ni )4.4833 )4.4486 0.24816 0.021332

Al )3.3967 )3.3585 0.24134 0.052794

Ni3Al )4.6477 )4.6247 0.25443 0.013425

NiAl )4.5058 )4.4945 0.25084 0.018443

The reference temperature is T 0 ¼ 400 K.
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give Q ¼ 3:14 eV [69]. This agreement is encouraging,

especially considering that jump-correlation effects and

the presence of antisites at finite temperatures are likely

to retard the diffusion process and thus effectively in-

crease the activation energy. A more detailed study of
diffusion mechanisms in Ni3Al by molecular dynamics

simulations with the present EAM potential is currently

under way and will be published elsewhere.
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7. Thermodynamic calculations

As a test of the ability of the present EAM potential
to predict high-temperature properties of the c and c0-
phases, the c=c0 equilibrium lines on the Ni–Al phase

diagram have been calculated. This test is important in

connection with possible applications of this potential to

model c0 particle precipitation and the c=c0 structure in

Ni–Al alloys. The c0=b lines of the phase diagram have

also been calculated as a further test of transferability of

the potential.
The first step of the calculation was to obtain Gibbs

free energies, gðT Þ, of pure Ni and Al and perfectly or-

dered Ni3Al and NiAl. Recognizing that a phase dia-

gram construction requires highly accurate free energies,

the calculations were performed beyond the harmonic

approximation. During the NPT Monte Carlo simula-

tions applied for the calculation of thermal expansion

factors in Section 4, the computer code also delivered
the average potential energy of the crystal per atom,

eðT Þ, at each temperature T . The total energy per atom,

etotðT Þ, was then obtained by adding to eðT Þ the classical
kinetic energy 3kBT=2: etotðT Þ ¼ eðT Þþ3kBT =2. Because
we assume that p ¼ 0, etotðT Þ can be identified with the

enthalpy hðT Þ. Each hðT Þ curve, which contained 20–30

points, was approximated by a quadratic function

hðT Þ ¼ h0 þ AT þ BT 2 ð21Þ
with fitting parameters h0, A and B. The free energy was

then recovered by integrating the Gibbs equation [70]

from a reference temperature T 0 to a temperature

T > T 0:

gðT Þ ¼ g0
T
T 0

þ h0 1

�
� T
T 0

�
� BT ðT � T 0Þ � AT ln

T
T 0

� �
:

ð22Þ
The absolute value of the reference free energy g0 at

T ¼ T 0 was obtained in the classical quasi-harmonic
approximation [71]. Notice that this approximation also

mimics the p ¼ 0 condition and takes into account

thermal expansion, although in a more approximate

manner. The same reference temperature T 0 ¼ 400 K

was chosen for all four materials. The thermodynamic

parameters obtained are summarized in Table 11.

As a test, the quasi-harmonic approximation was

applied to calculate the free energy at several tempera-
tures above T 0. Fig. 5 shows a comparison of the two
calculation methods for Ni3Al. In agreement with pre-

vious work [71], the quasi-harmonic approximation is

observed to provide fairly accurate free energies over a

wide temperature range. At high temperatures, however,
there is a noticeable discrepancy between the two

methods. We emphasize that even such seemingly small

discrepancies (on the order of 0.01 eV) are capable

of having a significant impact on the phase diagram

calculation.

At a next step of the calculation, grand-canonical

Monte Carlo simulations were applied to compute

thermodynamic properties of the c, c0 and b-phases. In
such simulations, the total number of atoms in the

simulation block is fixed while their chemical sorts are

allowed to switch randomly between Ni and Al [9,72].

At a fixed temperature, the equilibrium state of the

system depends on the chemical potential difference

Dl ¼ lAl � lNi, which is kept fixed during the simula-

tion. As trial moves, not only individual atoms are

subject to random displacements but also all three di-
mensions of the simulation block are allowed to fluc-

tuate to ensure a zero stress condition in each direction.

The simulations employed a 864-atom supercell for the

FCC lattice and a 1024-atom supercell for the BCC

lattice (b-NiAl is an ordered BCC-phase). For each

temperature and Dl, the system was equilibrated by
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about 107 Monte Carlo steps followed by a calculation

of its equilibrium chemical composition during another

107 steps. Each run was repeated for three different

initial states: FCC-Ni, Ni3Al or NiAl. A plot of the

equilibrium composition against Dl for a fixed T allows
one to reconstruct an isothermal section of the phase

diagram, with continuous segments of the plots repre-

senting single-phase fields and concentration jumps

corresponding to two-phase regions [9].

Fig. 6 shows our simulation results for T ¼ 1000 K.

The plots obtained for the temperatures of 700, 1300 and

1500 K look qualitatively similar. When Dl is small, the

alloys always equilibrates into a disordered c-phase re-
gardless of the initial state. As Dl increases, Al concen-

tration in the c-phase also increases and at Dl � �0:43
eV makes a jump from 14.8 to 23.0 at.%. In the new state

the alloy has an ordered L12 structure corresponding to

Ni-rich c0-phase. Although this transition is first-order,

no hysteresis was detected: both the position of the jump

and the solubility limits in the phases were practically the

same regardless of whether the simulations started from
the ordered of disordered state. This observation sug-

gests a very low nucleation barrier of the c=c0 transfor-
mation at all temperatures studied here.

As Dl increases further, the c0-phase becomes stoi-

chiometric, then Al-rich, and at some point it sponta-

neously transforms to the b-phase by developing a

tetragonal distortion with a simultaneous change in the

ordering. This transformation, which crystallographi-
cally is similar to the inverse of the Bain transformation

in steel, was possible because the shape of the simulation

block was allowed to fluctuate. Conversely, in simula-

tions started from the b-phase a transformation to the
0
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c0-phase occurred by a tetragonal deformation along

the Bain path. In contrast to the c=c0 transformation,

the c0=b transformation is accompanied by a consider-

able hysteresis (Fig. 6). This is not surprising: while the c
and c0-phases share same lattice and only differ in long-
range order, the c0and b-phases have also different

crystal lattices and are separated by a significant trans-

formation barrier. Because of this hysteresis, a cAl versus

Dl plot alone does not allow us to find the c0=b lines on

the phase diagram accurately.

To solve this problem, the DlðcAl; T Þ functions of

both phases were approximated by analytical expres-

sions based a simple thermodynamics model. The model
gives us the free energy functions of the phases and thus

allows us to locate the phase boundaries by a common

tangent construction.

We assume that off-stoichiometry of a partially or-

dered phase is dominated by antisites on both sublat-

tices. By treating all configurational effects relating to

antisites within the mean-field approximation, the free

energy of a compound, gcðcAl; T Þ, can be expressed by

gcðcAl; T Þ ¼gðT Þ þ bXNiAl
gNiAl

þ aXAlNi
gAlNi

þ I1X 2
NiAl

þ I2X 2
AlNi

þ kBTbXNiAl
lnXNiAl

þ kBTaXAlNi
lnXAlNi

þ kBTb 1
�

� XNiAl

�
ln 1
�

� XNiAl

�
þ kBTa 1

�
� XAlNi

�
ln 1
�

� XAlNi

�
: ð23Þ

Here gðT Þ is the free energy of the perfectly ordered

stoichiometric compound calculated previously (see Eq.

(22) and Table 12). In comparison with earlier models

[60,62–64], we have included two additional terms ac-
counting for antisite–antisite interactions. These terms

are quadratic in the antisite concentrations and depend

on antisite interaction parameters I1 and I2. They are

expected to come into play in Ni-rich and Al-rich

compositions, respectively. Considering that antisite

concentrations at stoichiometry are small (cf. Fig. 4), the

cross-interaction term proportional to XNiAl
XAlNi

is ne-

glected. As a first approximation, we can plug into Eq.
(23) the antisite concentrations given by Eqs. (13)–(16).

This makes gcðcAl; T Þ a closed-form expression with

adjustable parameters gNiAl
, gAlNi

, I1 and I2.
Using Eq. (23) we have

Dl ¼ � ogc
ox

¼ � ogc
oXNiAl

oXNiAl

ox
� ogc
oXAlNi

oXAlNi

ox
; ð24Þ
Table 12

Antisite formation free energies and interaction parameters in Ni3Al

obtained by Monte Carlo simulations

T (K) gNiAl
gAlNi

I1 I2

700 0.7037 0.8929 )0.0481 0.0736

1000 0.6626 0.9023 )0.0469 0.1164

1300 0.6138 0.9041 )0.0495 0.1245

1500 0.5751 0.8932 )0.0519 0.2306
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where

ogc
oXNiAl

¼ bgNiAl
þ 2I1XNiAl

þ kBTb ln
XNiAl

1� XNiAl

; ð25Þ

ogc
oXAlNi

¼ agAlNi
þ 2I2XAlNi

þ kBTa ln
XAlNi

1� XAlNi

; ð26Þ

oXNiAl

ox
¼ 1

2b
þ x=4b2

x=4b2 þ aK=bð Þ1=2
; ð27Þ

oXAlNi

ox
¼ � 1

2a
þ x=4a2

x=4a2 þ bK=að Þ1=2
: ð28Þ

Again, Eqs. (24)–(28) provide a closed-form expression

for DlðcAl; T Þ, which can be fit to the Monte Carlo

DlðcAlÞ curves of individual phases by adjusting the

parameters gNiAl
, gAlNi

, I1 and I2. These parameters

known, Eq. (23) gives us the free energy curves gcðcAlÞ of
the phases at a given temperature T . The equilibrium
phase concentrations are then readily calculated by

the common tangent construction implemented

numerically.

This procedure was applied to the c0 and b-phases at
four temperatures. The fitting parameters obtained for

the c0-phase are listed in Table 12. Fig. 7 shows the Ni-

rich half of the experimental phase diagram [73] in

comparison with our calculations. The agreement with
experiment is quite satisfactory. Most of the discrepancy

originates from the thermodynamic part of the calcula-

tion, which is especially sensitive to the stoichiometric

free energies gðT Þ. In particular, the use of the quasi-

harmonic approximation for gðT Þ instead of thermo-

dynamic integration leads to a considerably worse
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Fig. 7. Calculated (points) and experimental (lines) phase diagram of

the NiAl system.
agreement with experiment. The finite size of the simu-

lation block employed in the Monte Carlo simulations

could also contribute to the discrepancy. Notice that no

experimental thermodynamic data were used for gener-

ating the EAM potential, except for the lattice param-
eters of Ni, Al and Ni3Al and the cohesive energies of Ni

and Al. The reasonable agreement with the experimental

phase diagram points to a good transferability of the

potential to atomic configurations occurring in the c and
c0-phases at high temperatures, as well as to its potential

utility for modeling two-phase c=c0 alloys.
It should be admitted that the antisite disorder model

underlying these calculations contradicts the well-
established experimental fact that Al-rich compositions

of the b-phase are dominated by structural vacancies on

the Ni sublattice [74]. Vacancies are not included in our

model. However, it is the free energy of Al-deficient

compositions that determines the c0=b-phase equilib-

rium. Such compositions do not contain structural va-

cancies and are governed by the antisite disorder

mechanism. This explains why the c0=b lines of the
calculated phase diagram are also consistent with

experiment.

Fig. 8 compares the antisite free energies in Ni3Al,

gNiAl
and gAlNi

, obtained by fitting our thermodynamic

model to Monte Carlo results (Table 12), on one hand,

and calculated directly by molecular statics in conjunc-

tion with the harmonic approximation, on the other

hand (Table 9). Although the agreement between these
two essentially different calculation methods is reason-

able, significant deviations are observed at high tem-

peratures. The harmonic approximation neglects

thermal expansion and other anharmonic effects, which

is likely to be the main source of the discrepancy [9,75].

The positive sign of the antisite interaction parameter

I2 is consistent with the repulsion between AlNi antisites
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predicted in Section 6 by static calculations. Those cal-

culations also predicted the NiAl–NiAl interaction to be

repulsive and very weak. The respective interaction pa-

rameter, I1, came out to be also small but negative

(slight attraction). One source of this discrepancy can be
the entropy effect that was neglected in Section 6. In

addition, those calculations neglected the image forces

that, at high antisite concentrations, should favor an

attraction between NiAl antisites.

8. Coherent Ni/Ni3Al interfaces

Using the new potential, the energies of coherent Ni/

Ni3Al interfaces, which can be considered as a simple

prototype of c=c0 interfaces, have been calculated for

three different interface orientations. To this end, a
rectangular supercell was created with desired crystal

planes parallel to one of its faces. A plane dividing the

supercell in two equal halves was chosen as an interface.

In the planes lying on one side of the interface, all Al

atoms were replaced by Ni, thus effectively creating a

multi-layered structure containing equal amounts of the

Ni an Ni3Al-phases. The supercell was relaxed statically

by allowing both local atomic displacements and size
variations in all three directions. The apparent interface

energy a was determined from the relation

a ¼ Eð2NÞ � NE0ðNiÞ � NE0ðNi3AlÞ
2S

: ð29Þ

Here Eð2NÞ is the relaxed energy of the simulation block

containing 2N atoms, E0ðNiÞ and E0ðNi3AlÞ are cohesive
energies of FCC Ni and Ni3Al, respectively, and S is the

cross-sectional area of the block parallel to the interface.

Since the interface is fully coherent, both phases are

elastically strained due to the 1.44% lattice parameter
mismatch existing between Ni and Ni3Al. The equilib-

rium value of the common lattice parameter of the

phases is close but not identical to the average between

the two phases because their elastic constants are dif-

ferent. The elastic strain energy of the phases contrib-

utes to Eð2NÞ and leads to overestimated a values

delivered by Eq. (29). To eliminate the strain energy

contribution, we can take advantage of the fact that it is
proportional to the volumes of the phases [76]. Since our

simulation block contains equal amounts of the phases

and S is kept fixed, the strain energy is proportional to

the supercell size L in the direction normal to the in-

terface. Therefore, the true interface energy can be re-

covered by calculating a for several supercell sizes and

extrapolating the results to L ! 0 [76,77].

Such calculations were implemented for the interface
orientations (1 0 0), (1 1 0) and (1 1 1). The apparent a
values were found to follow a linear correlation with L
very accurately (Fig. 9) and the L ! 0 extrapolation

gave the following interface energies: að1 0 0Þ ¼ 46 mJ/m2,

að1 1 0Þ ¼ 28 mJ/m2 and að1 1 1Þ ¼ 12 mJ/m2. These num-
bers appear very reasonable. For comparison, first-

principles calculations by Price and Cooper [78] gave
að1 0 0Þ ¼ 63 or 25 mJ/m2 depending on the magnetic

states of the phases. Experimental interface energies

determined from c0 coarsening kinetics in c=c0 alloys

vary between 8 and 20 mJ/m2, see for example [79]. In

coarsening experiments, the c0 particles are either

spherical (for small sizes) or have a cuboidal shape with

(1 0 0) faces dictated by the elastic anisotropy of the

matrix. Hence, it is either að1 0 0Þ or an average over
different orientations that should be compared with

experiment.

That both first-principles and our EAM calculations

give interface energies lying on the higher side of the

experiment is understandable. In c=c0 alloys, the con-

centration jump across the interface is smaller than for

ideal Ni/Ni3Al interfaces. In addition, the long-range

order parameter does not change across a c=c0 interface
as abruptly as it does across a Ni/Ni3Al interface. Both

factors should lead to lower energies of c=c0 interfaces.
The entropy may also contribute to the experimental

interface free energies, which are measured at high

temperatures.

Fig. 10 illustrates some of these effects by plotting the

Al concentration, averaged over individual (2 0 0)

atomic layers, as a function of distance across the
ð100Þc=c0 interface at 700 K. These results were ob-

tained by grand canonical Monte Carlo simulations

(Section 7) on a 1536-atom supercell containing a

coherent ð100Þc=c0 interface. The relative chemical po-

tential of Ni and Al was adjusted so that to prevent the

interlace migration, that is to ensure coherent two-phase

equilibrium in the system. The amplitude of concentra-

tion oscillations on the c0 side characterizes the long-
range order in this phase. Notice that the long range

order does not drop to zero abruptly at the interface
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Table 13

Lattice properties of NiAl calculated with the present EAM potential

in comparison with experimental data

a0 (nm) E0 (eV) Elastic constants (GPa)

c11 c12 c44

Experiment 0.288a )4.50b 199c 137c 116c

EAM 0.2862 )4.4974 297 206 171

None of these properties were included in the fitting database.
aRef. [31].
bRef. [85].
c Ref. [86].
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plane but rather decays gradually over 4–6 (2 0 0) layers

around the interface, as does also the average Al con-

centration. The Al concentration jump across the inter-

face is about 8 at.% and not 25 at.% as for a Ni/Ni3Al

interface. Notice also that the off-stoichiometry of the c0-
phase occurs by a depletion of the Al sublattice in Al,

while Al concentration on the Ni sublattice remains ex-
tremely small. This behavior is well consistent with the

antisite concentrations calculated in Section 6 (cf. Fig. 4).
9. Discussion and conclusions

The EAM potential developed in this work provides

an accurate description of a spectrum of properties of Ni,
Al and Ni3Al, including elastic constants, thermal ex-

pansion, point defects and planar faults. Furthermore,

properties of the c and c0-phases formed by Ni and Ni3Al

at elevated temperatures are also represented accurately.

In particular, their phase fields on the Ni–Al phase dia-

gram are reproduced in a reasonable agreement with

experiment. It has been demonstrated that the potential is

suitable for the modeling of c=c0 interphase boundaries.
It is interesting to examine how well other phases of

the Ni–Al system are represented by the potential. When

developing the potential, we did not use any experi-

mental data for B2–NiAl, although first-principles en-

ergy-volume curves for six compounds with this

stoichiometry were included in the fitting database. The

fact that the c0=b lines of the calculated phase diagram

are consistent with experiment (Fig. 7) gives an indica-
tion that the potential works for NiAl reasonably well.

Indeed, calculations show that the potential accurately

reproduces the experimental lattice parameter and co-

hesive energy of NiAl (Table 13) and gives reasonable
thermal expansion factors (Fig. 2(c)). The (1 1 0) APB

energy, 591 mJ/m2, compares well with both experi-

mental (>500 mJ/m2 [80]) and first-principles data
(880 mJ/m2 [81]; 810 mJ/m2 [82]). The agreement with

first-principles formation energies of alternate structures

of NiAl is also good (Table 7). However, the elastic

constants are almost 50% higher than their experimental

counterparts (Table 13). Furthermore, the so-called in-

terbranch Al energy of point defects in NiAl [24,62–64]

is negative, meaning that the existence of Ni structural

vacancies in Al-rich compositions is energetically unfa-
vorable. This contradicts to both experimental data [74]

and first-principles calculations [63,64].

This lack of good transferability to NiAl is a common

problem of other potentials fit to Ni3Al properties. For

example, elastic constants of NiAl calculated with the

VC potential [18] are also about 50% off the experiment

values and the interbranch Al energy is negative. In

addition, the L10 structure of NiAl is incorrectly pre-
dicted to be more stable than B2. On the other hand,

potentials fit directly to NiAl properties [24,83], while

describing such properties accurately, do not perform

well for Ni3Al. For instance, the potential of Ludwig

and Gumbsch [83] constructed for NiAl predicts the

D019 structure of Ni3Al to be more stable than the

correct L12 structure.

Regarding other compounds of this system, the
present potential predicts the L12 structure of NiAl3 to

be more stable than D011, which is incorrect. Our pre-

vious NiAl potential [24] correctly predicts the experi-

mentally observed D011 structure of NiAl3 to be the

ground state but its formation energy is practically

identical to the average formation energy of NiAl and

Al, meaning that NiAl3 should not appear on the phase

diagram. Experimentally, this compound exists on the
phase diagram below 1127 K. With the present potential

as well as the one of [24], the experimentally observed

Ni5Al3 compound is unstable: its formation energy lies

above the average formation energy of Ni3Al and NiAl.

It is not surprising, therefore, that this compound was

not found in our Monte Carlo simulations (Section 7).

Likewise, both potentials predict the Ni3Al4 and Ni2Al3
compounds to be unstable against decomposition into
NiAl and Al.
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Overall, none of the EAM potentials that we have

tested so far gives the convex-hull plot of the ground-

state formation energy versus composition in agreement

with the experimental Ni–Al phase diagram. It should be

mentioned that attempts to fit to the right convex hull
plot were made during the construction of the NiAl po-

tential in [24]. However, such attempts ran into conflict

with the requirement of having a positive interbranch Al

energy so that to stabilize constitutional vacancies in Al-

rich NiAl. To make the potential applicable to diffusion

simulations in NiAl [84], a positive interbranch Al energy

was enforced at the expense of the correct relative sta-

bility of other phases. The likely cause of this conflict is
the sensitivity of point-defect energies in NiAl to angular-

dependent atomic interactions that are not captured by

EAM. If this is so, an incorporation of angular terms in

future interatomic potentials should allow us to reconcile

a positive interbranch Al energy in NiAl with global

transferability of the potential across the phase diagram.

In the meantime, existing EAM potentials should

simply be applied to compounds where they work best.
On the optimistic side, many of the discrepancies re-

garding the phase stability are actually quite small, often

on the order of 0.01–0.05 eV. In many atomistic simu-

lations such small energy differences are unlikely to af-

fect the final results. In particular, we believe that the

EAM potential proposed in this paper can be safely

applied to model atomic diffusion and dislocations in

Ni3Al, interaction of dislocations with c=c0 interfaces,
and related processes. Semi-coherent c=c0 interfaces and
their effect on the dislocation motion is another ap-

pealing topic of future research.
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