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Abstract

A model of hydride formation and dissolution has been proposed for a single spherical particle and for a collection of such particles
with a given size distribution. The phase transformation strain gives rise to an elastic barrier to the transformation, which scales with the
volume of the particle and produces a hysteresis e!ect known experimentally. Experimentally observed finite slopes of hydrogen pressure
vs. chemical composition plots (instead of expected plateaus) are explained by the model for both the hydrogenization and dehydrog-
enization processes. These finite slopes and the amount of the pressure hysteresis depend on elastic properties of the hydride and metal
phases, the transformation strain, and on the particle-size distribution in the powder.
! 2010 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

One of the promising directions in mobile hydrogen
storage technology is development of solid materials (usu-
ally metals or alloys) capable of storing large amounts of
hydrogen reversibly by the formation of hydrides [1]. The
charging–discharging cycles of such materials can be imple-
mented by varying the temperature and/or chemical poten-
tial (partial pressure) of hydrogen in the environment.1

This process is typically accompanied by a hysteresis, in
which the hydrogen pressure required for the hydride for-
mation is higher than the pressure needed for its dissolu-
tion. This e!ect is usually represented by a hysteresis
loop in the coordinates of the hydrogen partial pressure
P vs. hydrogen concentration c. In addition to the pressure
hysteresis, such curves often display a small but non-zero

slope between the metal and the hydride compositions,
instead of a plateau expected from standard equilibrium
thermodynamics.2

Several theories have been proposed to explain the hys-
teresis e!ect [2,3]. Although there is a consensus that the
origin of the e!ect is in the transformation strain accompa-
nying the hydride formation, the exact mechanism is not
well established. The hysteresis is often attributed to irre-
versible plastic deformation of the metallic phase during
the hydride formation and decomposition [2,4,5]. However,
the plastic deformation models cannot explain the existence
of the hysteresis at relatively high temperatures where the
plastically stored strain energy is drastically reduced by
recovery processes. In addition, a hysteresis is observed
even in 2–5 nm particles [6] with a structure that is virtually
dislocation-free due to large image forces acting on the
dislocations.
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1 Metal hydride batteries also involve hydrogen absorption and
desorption and their electrochemical performance can be influenced by
hysteresis.

2 The plateau is expected in binary metal–hydride systems or multicom-
ponent systems where all species other than hydrogen are immobile. In
multicomponent systems with mobile non-hydrogen species, the plateau
need not exist.
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Schwarz and Khachaturyan [7,8] proposed a purely elas-
tic model of hysteresis for a bulk metal–hydride system. In
their model, the hysteresis is caused by a macroscopic ther-
modynamic barrier arising due to coherency stresses
between small hydride precipitates and an infinitely large
metallic matrix (respectively, metallic precipitates in a
hydride matrix). The transformation occurs when the
elastic energy barrier vanishes and the alloy becomes
absolutely unstable. This model assumes full coherency of
the phases, an assumption which may not hold for the
significant (up to 10–20%) transformation strains typical
of metal–hydride systems.

Attempts were made to reconcile the plastic and elastic
approaches within continuum elastoplastic models [2,9,10].
Although such models are capable of reproducing the hys-
teresis loop, the partitioning of the strain accommodation
energy between the plastic and the elastic components
depends on the postulated plastic flow law, the yield stress
of the material and other model parameters.

To increase the hydrogen desorption rates, hydride-
forming materials can be used in the form of highly dis-
perse powders produced by ball milling [11–14] and similar
fabrication methods. The powders obtained by ball milling
consist of nearly dislocation-free particles with typical sizes
of 20–40 nm. Rabkin and Skripnyuk [15] proposed a
hydride formation model in such powders that combines
the elastic and plastic approaches to account for the hyster-
esis. They assumed that the hydride phase is very hard and
that the metallic matrix absorbs most of the elastic energy.
The hydride precipitate is initially coherent with the matrix
and the nucleation barrier is dominated by the elastic strain
energy. The magnitude of this barrier depends on the par-
ticle size and shape. Once the precipitate has overcome the
barrier and begins to grow, it loses coherency and the entire
particle quickly transforms to hydride. Assuming that the
particles in the powder have a distribution of sizes and
shapes, a pseudo-two-phase mixture should result, in which
the fraction of transformed vs. untransformed particles
increases with increasing hydrogen pressure. This can
explain the finite slope of the pressure–composition curves,
suggesting that such slopes depend on the particle-size
distribution.

In this paper, we propose an elastic model of hydride
formation and decomposition in a single spherical particle.
We show that the hydrogen pressure hysteresis can be
explained by the elastic strain energy barrier that arises
due to the transformation strain. We also show that the
hysteresis can exist regardless of whether the hydride phase
is harder or softer than the metal. As in Refs. [7,8], we treat
the particle as an open thermodynamic system in contact
with a gas environment containing hydrogen. In contrast
to Refs. [7,8], we analyze a finite-size system and allow
the new phase to nucleate either at the center or at the sur-
face of the particle. In addition, our hydride–metal inter-
face is not required to have a fully coherent structure.
Having a model for an isolated particle, we following the
line of Ref. [15] to show that our model can be extended

to an ensemble of spherical particles and can account for
the finite slope of the pressure–composition curves through
a distribution of particle sizes.

2. Model formulation and solution

2.1. Basic assumptions of the model

As a model of a metal–hydride system, consider a spher-
ical particle with a core–shell structure consisting of phases
a (core) and b (shell). One of the phases is metal while the
other is hydride. Both cases will be analyzed below. We
assume that this core–shell structure has formed by the
growth of a new phase as either the core or the shell from
a single-phase state of the particle.

The particle is considered an open thermodynamic system
in contact with an atmosphere containing molecular hydro-
gen and possibly other inert species. The particle can freely
exchange only hydrogen with the atmosphere. Within the
particle, hydrogen is assumed to be perfectly mobile and
the metal atoms immobile. The core and shell phases are
each assumed tomaintain equilibriumwith respect to hydro-
gen in the gas phase at all times but do not generallymaintain
equilibrium with respect to exchange of metallic atoms. The
hydrogen equilibrium is governed by equality of the chemi-
cal potential of hydrogen in all three phases. The solid phase
equilibrium, if it exists, is additionally governed by equality
of the grand potentials, x = f ! ln, of the core and shell
phases.Here, f and n are theHelmholtz free energy and num-
ber of hydrogen molecules dissolved (in atomized form) per
unit volume of the solid phases, and l is the chemical poten-
tial of hydrogen molecules in the gas (see Appendix A for a
detailed derivation). As will be shown below, full equilib-
rium can only exist if the solid phases are stress free or, if
stress is present, for special values of the core to shell volume
ratio. The latter will be shown to correspond to unstable
equilibrium (at a nucleation barrier).

Letting Dx = xb ! xa be the grand potential per unit
volume of unstressed phase b relative to unstressed a at a
given temperature T, the unstressed phases are in thermo-
dynamic equilibrium with each other when Dx = 0, with
phase a being more stable than b if Dx > 0 and less stable
if Dx < 0. To relate Dx to hydrogen partial pressure P we
use the two-phase equilibrium condition between the
unstressed phases: f eq

H ! f eq
M " leq neqH ! neqM# $, where the

subscripts H and M refer to the hydride and metal, respec-
tively (Fig. 1). Assuming that for small deviations from the
equilibrium the free energies f and densities n remain
approximately equal to their equilibrium values, we have:
xH ! xM ’ #leq ! l$ neqH ! neqM# $. This gives

xH ! xM ’ ! neqH ! neqM# $kT ln
P
Peq

; #0$

wherePeq is the equilibrium partial pressure of hydrogen and
k is the Boltzmann constant. In the spherical particle, Dx is
identified with either xH ! xM or xM ! xH, depending on
whether the hydride is the shell or the core of the particle.

Y. Mishin, W.J. Boettinger / Acta Materialia 58 (2010) 4968–4977 4969



Author's personal copy

The stress-free transformation strain between the phases
will be represented by a pure dilatation dije0 of phase b rel-
ative to phase a. This transformation strain produces elas-
tic stresses inside the particle, modifying the grand
potentials and chemical compositions of the phases and
a!ecting their relative thermodynamic stability. The elastic
stresses shift the unstressed grand potentials of the phases
by the amount of the elastic strain energy. In computing
this elastic strain energy, we will be treating the deforma-
tions in the small-strain approximation and will be using
isotropic linear elasticity. The total grand potential of the
particle relative to its single-phase state a is:

X#R$ " 4

3
p R3

0 ! R3
! "

Dx% E#R$; #1$

where R0 is the particle radius, R is the core radius, and E is
the total elastic strain energy. The phase transformation
problem will be solved in two steps:

1. For a given core radius R, solve the elasticity problem to
find the elastic strain energy E.

2. Assuming that mechanical equilibrium is always main-
tained, examine the total grand potential of the particle
as a function of R and calculate the nucleation barrier of
the new phase.

During this calculation the chemical potential of hydro-
gen remains fixed. As R is varied, the phases remain in
equilibrium with the atmosphere with respect to hydrogen
exchange. However, there is generally no equilibrium
between the phases with respect to virtual displacements
of the hydride–metal interface, except when the system is
at the nucleation barrier.

2.2. Solution of the elasticity problem

We will start by deriving an analytical solution of the
elasticity problem for a given value of R. The derivation
follows the general line of Refs. [16,17] where a similar
problem was analyzed in a di!erent context. We apply a
di!erent surface condition and use somewhat di!erent
approximations than those in Refs. [16,17], which leads
to significantly di!erent solutions. Johnson and Voorhees
addressed a similar elasticity problem for a two-phase sys-
tem with a core–shell structure [18]. Their analysis was for
a substitutional solid solution with a given average compo-
sition (closed system).

Due to the spherical symmetry of the problem, we
assume that the total displacement fields in the phases have
only radial components, ua(r) and ub(r), which depend only
on the distance r from the particle center. They have the
following functional forms [19]

ua#r$ " aar; #2$
ub#r$ " abr % b=r2; #3$

with adjustable coe"cients aa and ab and b. They will be
determined from the boundary conditions below. The cor-
responding total strain tensor is diagonal with

earr " eauu " eahh " aa;

ebrr " ab ! 2b=r3; ebuu " ebhh " ab % b=r3;

here u and h are spherical angles. The stress tensor can be
found from Hooke’s law for an elastically isotropic med-
ium, subtracting the transformation strain e0 from the total
strain to obtain the elastic component:

ra
rr " BaDa %

4

3
Ga earr ! eauu

# $
" 3Baaa;

ra
uu " ra

hh " BaDa !
2

3
Ga earr ! eauu

# $
" 3Baaa;

rb
rr " Bb#Db ! 3e0$ %

4

3
Gb ebrr ! ebuu

# $

" 3Bb ab ! e0
! "

! 4Gbb=r3;

rb
uu " rb

hh " Bb#Db ! 3e0$ !
2

3
Gb ebrr ! ebuu

# $

" 3Bb ab ! e0
! "

% 2Gbb=r3;

with all other components equal to zero. Here B and G are
the bulk and shear moduli, respectively, and Da and Db are
the volumetric parts of the strain tensors (traces of ea and
eb). The elastic moduli are understood as open-system
quantities [20,21] and in this model are treated as
constants.

The elastic strain energy densities (per unit volume) in
the phases are given by the standard expressions [19]

ea "
1

2
BaD2

a %
2

3
Ga earr ! eauu

# $2

" 9

2
Baa2a;

f(n)

n
n n

Metal
Hydride

H

H

M

M
eqeq

eq

!

!
H M

eqeq !!   =
µ

µ

Fig. 1. Schematic plot of the free energies per unit volume of the
unstressed metal and hydride phases in equilibrium with hydrogen
atmosphere as functions of hydrogen density n in the phases at a fixed
temperature. The common tangent (red dashed line) gives the equilibrium
densities neqH and neqM and equal values of the grand potential x. Deviations
of the hydrogen chemical potential l from the equilibrium value leq lead
to di!erent x-potentials in the phases (intercepts of the parallel tangents
with the f-axis) with xH < xM when l > leq and xH > xM when l < leq.
See Appendix A for more detail. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this
article.)
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eb "
1

2
Bb#Db ! 3e0$2 %

2

3
Ga ebrr ! ebuu

# $2

" 9

2
Bb ab ! e0

! "2 % 6Gb
b2

r6
;

leading to the total elastic strain energy

E#R$ " 4

3
pR3ea % 4p

Z R0

R
r2eb#r$dr

" 6pBaa2aR
3 % 6pBb#ab ! e0$2 R3

0 ! R3
! "

% 8pGbb2
1

R3 !
1

R3
0

% &
:

The unknown coe"cients aa and ab and b are deter-
mined from the following postulated boundary conditions:

1. The surface of the particle is free of traction:

rb
rr#r$ " 0; r " R0: #4$

2. The normal component of stress is continuous across the
a–b interface:

ra
rr#r$ " rb

rr#r$; r " R: #5$

3. The displacement field is continuous across the a–b
interface:

ua#r$ " ub#r$; r " R: #6$

Eq. (4) recognizes the fact that the particle is in contact
with an atmosphere whose pressure Pa is low in compari-
son with elastic stresses existing inside the particle due to
the transformation strain. The recent papers [16,17] used
a di!erent surface condition, postulating that ub(R0) = 0
(fixed boundary condition). Eq. (5) reflects mechanical
equilibrium at the interface. Eqs. (4) and (5) neglect the sur-
face and interface tensions, which is a reasonable approxi-
mation as long as the particle size is larger than a few
nanometers.

The coe"cients determined from the boundary condi-
tions (4)–(6) are

aa "
4

X
1! R3

R3
0

% &
e0;

ab " 1! 4

X
Ba

Bb

R3

R3
0

% &
e0;

b " !3
Ba

XGb
R3e0;

where

X & 4 1! R3

R3
0

% &
% 4

Ba

Bb

R3

R3
0

% 3
Ba

Gb
:

After some algebra, the following expression is obtained
for the total elastic strain energy:

E#R$ "
24pBa

R3

R3
0

1! R3

R3
0

# $
R3
0e

2
0

4 1! R3

R3
0

# $
% 4 Ba

Bb

R3

R3
0
% 3 Ba

Gb

: #7$

2.3. Phase nucleation barrier in a single particle

Inserting the elastic strain energy expression (7) in Eq.
(1), the total grand potential per unit volume of the particle
becomes

U#R$ & X#R$
4
3pR

3
0

" 1! R3

R3
0

% &
Dx%

18Ba
R3

R3
0

1! R3

R3
0

# $
e20

4 1! R3

R3
0

# $
% 4 Ba

Bb

R3

R3
0
% 3 Ba

Gb

: #8$

This expression can be used for calculation the thermo-
dynamic barriers during the hydrogenization and dehy-
drogenization processes in a single particle. As input, it
takes the di!erence between the unstressed grand-potential
densities in the hydride and metal, their elastic moduli, and
the transformation strain e0. The first term in the right-
hand side of Eq. (8) is linear in the volume transformed
and imposes no barrier to the transformation. The second
term, accounting for the elastic strain energy, vanishes at
R? 0 and R ? R0 (single-phase states). It is important
to note that this term is always positive for all two-phase
states of the particle. Consequently, it creates a barrier
for the phase transformation in a certain range of Dx val-
ues, regardless of whether the new phase is harder or softer
than the old and whether it nucleates as a core or as a shell.
It should also be observed that this barrier scales with the
particle size as R3

0. For large enough particles it can be very
high. On the other hand, if the magnitude of Dx is large
enough, the barrier can disappear.

The height of the barrier can be found from the condi-
tion dU/dR = 0 with U(R) from Eq. (8). The radius Rm at
which U(R) reaches a maximum is:

Rm " R0
1

2
! Dx

2L

' (1=3
; #9$

if Ba = Bb and:

Rm " R0K1=3 !1% 1! Dx! L
Dx%M

% &1=2
" #1=3

; #10$

if Ba – Bb. Here

K "
4Bb % 3 BaBb

Gb

Ba ! Bb
; #11$

L " 18BaGbe20
4Gb % 3Ba

; #12$

M " 9BaBbe20
2 Ba ! Bb

! " : #13$

The barrier physically exists only when Rm is a real num-
ber such that 0 < Rm < R0. The height of the barrier is read-
ily obtained by inserting Rm in Eq. (8).

In the context of hydrogen storage applications, we are
interested in relatively low temperatures at which the prob-
ability of overcoming the barrier by thermal fluctuations is
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small. As a crude approximation, we can assume that the
transformation occurs only when the barrier vanishes and
the particle becomes absolutely unstable against the growth
of the new phase. To find the instability condition, consider
two limiting cases of Eq. (8). In the limit of a very thin shell
we have 1! R3=R3

0 ! 0 and Eq. (8) becomes:

U#R$ ' Dx% 18BbGbe20
4Gb % 3Bb

' (
1! R3

R3
0

% &
: #14$

In the limit of a very small core we have R3=R3
0 ! 0 and:

U#R$ ' Dx% !Dx% 18BaGbe20
4Gb % 3Ba

' (
R3

R3
0

: #15$

Thus, if the new phase nucleates at the surface, the zero-
barrier condition is that Dx be equal to:

Dx0 " ! 18BbGbe20
4Gb % 3Bb

: #16$

If the new phase nucleates at the center of the particle,
then:

Dx0 "
18BaGbe20
4Gb % 3Ba

: #17$

It is straightforward to generalize Eqs. (14) and (15) by
including quadratic terms in 1! R3=R3

0 and R=R3
0, respec-

tively. This permits derivation of an approximate analytical
solution for the barrier height U* (per unit volume):

U( ' A#1! Dx=Dx0$2; #18$

where

A " 9GbBae20
2#4Gb;%3Ba$

#19$

in the thin-shell approximation; and:

A " 9GbBbe20
2#4Gb % 3Bb$

; #20$

in the small-core approximation, with Dx0 given by Eqs.
(16) and (17), respectively.

Using the above equations, predictions of the hysteresis
of Dx for a single particle can be made, depending on the
phase nucleation site, elastic properties of the phases and
other model parameters. The results will be reported in
Section 3.1.

2.4. Ensemble of spherical particles

The above equations give the phase-transformation bar-
rier per unit volume of the particle. The absolute barrier,
X*, scales as a cube of the particle radius. For example,
in the thin-shell and small-core approximations discussed
in Section 2.3:

X( " 4

3
pA#1! Dx=Dx0$2R3

0: #21$

Thus, in a powder of metallic particles at a fixed temper-
ature and hydrogen partial pressure P, smaller particles
will undergo the transformation to hydride first; larger par-
ticles transform later. In a dynamic situation, if P gradually
increases (accordingly, xH ! xM decreases), the powder
will be a mixture of transformed and untransformed parti-
cles, with the fraction of hydride particles increasing with P
[15]. This process will be accompanied by a continuous
increase in the average hydrogen concentration in the pow-
der, giving rise to a finite slope of P plotted vs. the hydro-
gen concentration. After all particles have transformed, a
subsequent decrease of P will eventually trigger a metalliza-
tion process starting with the smallest particles, followed
by larger ones, etc. This will lead to a finite slope of the
dehydrogenization branch of the hysteresis curve.

Consider a model in which the powder is represented by
a collection of non-interacting spherical particles, each
described by our single-particle model (Section 2.3). Aside
from R0, all other properties of the particles are assumed to
be identical. To further simplify the problem, we postulate
the existence of a critical barrier X(

c such that all particles
with X( 6 X(

c quickly transform to the new phase while
the rest of the particles remain untransformed. Although
a crude approximation to the real dynamic process, this
model will prove su"cient for reproducing the finite-slope
e!ect.

Let the particles have a size distribution g(R0) with the
normalization condition
Z 1

0

g#R0$dR0 " 1:

According to our postulate, at fixed T and P (and thus
Dx), all particles with R0 6 R0c are in the new phase while
all particles with R0 > R0c are in the old phase. The critical
radius R0c depends on Dx:

R0c#Dx$ "
3X(

c

4pA#1! Dx=Dx0$2

 !1=3

: #22$

The volume fraction of the transformed particles,

u#Dx$ "
R R0c#Dx$
0 R3

0g#R0$dR0R1
0 R3

0g#R0$dR0

; #23$

can be readily computed given Dx and the size distribution.
The hydrogen concentration averaged over the powder is
then given by either

!n#Dx$ " )1! u#Dx$*neqM % u#Dx$neqH #24$

or

!n#Dx$ " )1! u#Dx$*neqH % u#Dx$neqM ; #25$

depending on whether the new phase is the hydride or the
metal. These equations establish a relation between lnP/
Peq, which is proportional to Dx by Eq. (0), and the aver-
age composition of the powder distribution. This relation
has been studied experimentally for a number of systems
[3] and can be compared in our model.
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3. Results

3.1. Results for a single particle

We will show several numerical examples computed
within this model. For presentation purposes, it is conve-
nient to use the volume fraction of hydride fH instead of
R and to introduce the normalized grand potential:

W#fH $ "
U#fH$ ! U#0$

BMe20
: #26$

The latter quantity can be computed from Eq. (8) by
identifying fH with either R3=R3

0 or 1! R3R3
0, depending

on whether the hydride grows from the center or the sur-
face. The relative stability of the phases will be character-
ized by the dimensionless parameter:

n & W#1$ " xH ! xM

BMe20
’ ! neqH ! neqM

BMe20
kT ln

P
Peq

; #27$

with n < 0 for hydride growth and n > 0 for hydride disso-
lution. As in Ref. [16], we reduce the number of free param-
eters by adopting the approximation GH/BH = GM/
BM = 3/8 corresponding to the Poisson ratio of 1/3 in both
phases.

The plots of W(fH) shown in Fig. 2 demonstrate the exis-
tence of the transformation barrier and its dependence on
n, taking the particular case of hydride formation at the
surface as an example. Note that there is a significant bar-
rier even at n = 0 (phase equilibrium), which is consistent
with the existence of the hysteresis. As hydrogen pressure
deviates away from the equilibrium value, the magnitude
of n increases as do the initial slopes of the curves. At some
critical value of n, which depends on whether the new phase
is harder or softer and where it nucleates, the maximum on
the curves disappears and the phase transformation occurs
without a barrier. In the example shown in Fig. 2, the bar-
rier of hydrogenization vanishes at n = !1.05.

The curves plotted in Fig. 3 demonstrate that the trans-
formation barrier is lower when the harder phase is the
core of the particle. Thus, if the hydride is harder than
the metal, its nucleation at the center has a lower elastic
barrier than for surface nucleation. However, because
nucleation at the center is associated with a longer di!usion
path for the hydrogen supply, the hydride can actually
grow from the surface for kinetic reasons. For dehydroge-
nization of a harder hydride, the softer metallic phase is
predicted to grow from the surface due to both the lower
barrier and faster di!usion kinetics. In a number of
hydride-forming systems, the hydride phase has smaller
elastic moduli than the metallic phase; examples include
PdHx [22–24], TaV2Hx [25] and LaNi5H7 [26]. For such
systems, Fig. 3b indicates that the hydride is likely to grow
from the surface, whereas the metallic phase might nucleate
at the center due to the lower elastic barrier.

The height of the transformation barrier, W*, is shown
as a function of n in Fig. 4. It is observed that, when the
hydride is harder than the metal, the barrier for its surface
nucleation vanishes at a larger hydrogen oversaturation
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Fig. 2. Normalized grand potential defined by Eq. (26) as a function of
the hydride volume fraction fH for hydride growth at the surface. The
calculations were performed for BH = 0.7BM and selected values of
parameter n (indicated by labels). The barrier of the transformation
becomes zero for n = !1.05. See Eq. (27) for definition of n.
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the center of the particle. (a) The hydride is harder than the metal, BH = 1.5BM. (b) The hydride is softer than the metal, BH = 0.7BM. The calculations
were performed for n = !0.5 (hydride growth) and n = 0.5 (hydride dissolution); see Eq. (27) for definition of n.
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(smaller n) than for nucleation at the center. At the same
time, suppressing the barrier of surface nucleation of the
metal requires a smaller undersaturation (smaller n) than
for metal nucleation at the center. The opposite trend is
predicted for the case when the hydride is softer.

Eqs. (16) and (17) permit calculations of the pressure
hysteresis in the zero-barrier approximation. For example,
assuming that both phases grow from the surface, the dif-
ference between the hydrogenization (h) and the dehydrog-
enization (d) values of n equals:

nh ! nd " ! 3

2
1% BH

BM

% &
:

This gives the pressure hysteresis:

ln
Ph

Pd
" 3#BM % BH $e20

2 neqH ! neqM# $kT
: #28$

Zero barrier values of n for all other cases are summa-
rized in Table 1.

3.2. Results for an ensemble of particles

We use the model introduced in Section 2.4. For the par-
ticle-size distribution, we postulate the Weibull distribution
function

g#R0$ "
m
k

R0

k

% &m!1

exp ! R0

k

% &m' (
;

characterized by a shape parameter m and a scale parame-
ter k. This distribution is often found experimentally in
nanocrystalline powders [27]. For illustration purposes,
we choose m = 3 which permits an analytical calculation
of the transformed volume fraction u from Eq. (23):

u#Dx$ " 1! R0c#Dx$
k

% &3

% 1

" #

exp ! R0c#Dx$
k

% &3
" #

:

#29$

It is convenient to reformulate the model in terms of
dimensionless variables. Instead of Dx we use the reduced
variable n defined by Eq. (27). From Eq. (22) we obtain:

R0c#n$
k

% &3

" Dg

#1+ F n$2
; #30$

where we introduced the dimensionless parameter:

g " X(
c

6pk3BMe20
; #31$

characterizing the critical barrier. The sign in Eq. (30) de-
pends on whether the shell is the hydride (+) or the metal
(!). Parameters D and F are also dimensionless and easily
derivable from Eqs. (16)–(20), depending on the phase
nucleation site:

D " BM#4Gb % 3Ba$
GbBa

; F " 4Gb % 3Bb

18BbGb
;

for surface nucleation; and

D " BM#4Gb % 3Bb$
GbBb

; F " ! 4Gb % 3Ba

18BaGb
;

for nucleation at the center. Likewise, the average hydro-
gen concentration is characterized by the compositional
variable:

cH #n$ & !n#n$=neqM " )1! u#n$*neqH =n
eq
M % u#n$; #32$

which varies between 1 (pure metal) and neqH =n
eq
M (pure

hydride).

Table 1
Values of parameter n for which the nucleation barrier vanishes. The
di!erence nh ! nd is the upper bound of the hysteresis of the metal–hydride
transformation. The equations assume G/B = 3/8 in both phases.

Surface nucleation Core nucleation

Hydrogenization ! 3BH
2BM

! 9BH
2#BM%2BH $

Dehydrogenization 3
2

9BH
2#BH%2BM $

nh ! nd ! 3
2 1% BH

BM
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Fig. 4. Phase transformation barrier W* as a function of the thermodynamic parameter n (see Eq. (27) for its definition) for the hydride growth and
dissolution at the surface and at the center of the particle. (a) The hydride is harder than the metal, BH = 1.5BM. (b) The hydride is softer than the metal,
BH = 0.7BM. The points mark the n values when the barrier turns to zero.
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Fig. 5 shows an example of calculations for g = 0.02 and
neqH =n

eq
M " 4, clearly reproducing both the hysteresis e!ect

and the finite slopes of the curves. Other choices of param-
eters give qualitatively similar results. Decreasing g (lower
barrier) results in smaller slopes and in the limit of g ? 0
produces two plateaux between cH = 1 (metal) and
cH = 4 (hydride). The shapes of the curves in the hysteresis
region depend also on the elastic properties of the phases
and the size distribution function of the particles. It is pos-
sible to assign di!erent critical barriers, and thus g values,
to the hydrogenization and dehydrogenization processes.
The vertical portions of the curves are due to the fact that
Eq. (32) for cH neglects the e!ect of the hydrogen partial
pressure on the hydrogen solubilities in the metal and
hydride phases.

4. Discussion and conclusions

We proposed a model describing hydride formation and
dissolution in spherical particles with a core–shell struc-
ture. The phase transformation between the metal and
the hydride is accompanied by a strain giving rise to a
transformation barrier. The transformation barrier has
been calculated using the approximation of linear elasticity
and small strains.

The surface energies of the hydride–metal interface and
the particle surface are neglected, limiting applications of
thismodel to particle sizes on the order of tens of nanometers
or larger. It should be possible to include the surface–inter-

face tensions by modifying the boundary conditions (4)
and (5), but this was not pursued in this paper. It should
be emphasized that this model does not imply that the struc-
ture of the hydride–metal interface is necessarily coherent.
Due to the spherical symmetry, the model makes no distinc-
tion between coherent and incoherent interface structures.
Indeed, the boundary condition (6) only requires that the
normal component of the displacement be continuous, a
condition which is satisfied by both coherent and incoherent
interfaces [28]. A rigid rotation of the core relative to the
shell would alter the interface structure without a!ecting
the strain and stress fields, giving exactly the same solution
of the elasticity problem (neglecting the interface tension
e!ect). In the future, thismodel could be extended to ellipsoi-
dal or other particle shapes, in which case the coherent and
incoherent interfaces would need to be represented by di!er-
ent boundary conditions.

According to our model, the phase-transformation bar-
rier has a purely elastic origin for both the hydride–metal
and metal–hydride transformations. The barrier scales with
the particle volume and for relatively large particles can be
very high. Importantly, this barrier exists regardless of
whether the hydride has a higher or lower bulk modulus
B than the metal. Both cases can be found in nature. How-
ever, the elastic moduli of the phases do a!ect the height of
the barrier, as does the two-phase structure of the particle.
The barrier is lower when the softer phase (smaller B)
grows from the surface and when the harder phase (larger
B) grows from the center.

Under real conditions, the nucleation site of the new
phase may depend not only on the elastic barrier but also
on other factors, including the di!usion kinetics of hydro-
gen. Di!usion in the hydride phase is likely to be slower
than in the metal. Thus, even though nucleation of a harder
metal in the particle core has a lower thermodynamic bar-
rier, relatively slow di!usion through the hydride shell may
prevent this mechanism and result in surface growth. As a
general trend, however, hydrogen di!usion in nanoscale
particles is likely to have a smaller e!ect on the transforma-
tion kinetics than it does on the microscopic and greater
scales.

The existence of the barrier can explain the hydrogen
pressure hysteresis of the hydride–metal transformation
observed experimentally [3]. Indeed, the transformation bar-
rier is altered by the hydrogen partial pressureP in the atmo-
sphere due to a superposition of the thermodynamic driving
force and the elastic factor. For a single-phase metallic par-
ticle, increasing P reduces the transformation barrier to
hydride. At some critical valuePd, exceeding the equilibrium
pressure Peq, the barrier is suppressed to zero. Likewise,
decreasing P for a single-phase hydride particle reduces the
barrier of its metallization and at some critical value
Ph < Peq turns it to zero. As a crude approximation, we
can assume that the transformation happens when the bar-
rier vanishes. This leads to a size-independent hysteresis
Pd/Ph given by Eq. (28) or by similar equations specialized
for the particular phase nucleation geometry. Such equa-

1 2 3 4
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0

2

4

6

Hydrogen composition

$#

Hydrogenization

Dehydrogenization

Fig. 5. The thermodynamic parameter !n proportional to lnP/Peq (see
Eq. (27)) plotted against the average hydrogen concentration cH during
the hydrogenization and dehydrogenization processes of an ensemble of
spherical particles with a Weibull distribution of radii. The calculations
were performed for BH = 1.5BM (hard hydride), g = 0.02,cH = 4 in the
hydride and cH = 1 in the metal. Both phases are assumed to grow from
the surface. The arrows show the direction of the hydrogen pressure
change. The dashed line indicates the equilibrium pressure. Note the finite
slope of the hysteresis curves.
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tions provide an upper bound of the actual hysteresis since
the new phase can overcome the barrier before it disappears.

Numerical estimates using Eq. (28) and experimental
input data, e.g. for the Pd–H system, significantly overesti-
mate the experimental hysteresis measured in nanoparticles
[3,6]. While this is not surprising given that Eq. (28) is an
upper bound of the actual hysteresis, part of the discrepancy
could be due to the purely elastic nature of ourmodel. Under
real conditions, the hysteresis is likely to be smaller due to
heterogeneous nucleation of the phases, partial relaxation
of the elastic strain by plastic mechanisms, complex micro-
structure in the particles and other factors. Some of these
e!ects could be included in extended versions of this model.

We have also analyzed situations when the transforma-
tion occurs by overcoming a positive barrier. Since the bar-
rier scales as R3

0, in an ensemble of particles with di!erent
radii R0 the transformation will first occur in particles with
smaller R0, gradually extending to larger sizes. As suggested
in Ref. [15], this might explain the experimentally observed
finite slopes of hydrogen pressure vs. hydrogen content plots
for nanocrystalline powders. Using the critical barrier
approximation, our model reproduces the finite-slope e!ect
for both the hydrogenization and dehydrogenization pro-
cesses (Fig. 5). The Weibull distribution of the particle sizes
was chosen only for illustration purposes and can be
replaced by another distribution appropriate for a particular
system. Likewise, a more refined model could include the
e!ect of the hydrogen partial pressure on the phase compo-
sitions, reproducing the experimentally observed finite
slopes of the pressure–composition curves in the single-
phase regions.

Finally, the critical-barrier approximation employed in
this work (Section 2.4) could be replaced by a truly
dynamic calculation. If P increases or decreases with time,
Dx also varies with time according to Eq. (0), and thus the
barrier X*given by Eq. (21) is a function of both R0 and
time t. Assuming that the transformation in each particle
is independent of the transformations in other particles
and follows first-order kinetics, the probability of transfor-
mation in a single particle per unit time is

w#R0; t$ " w0 exp !X(#R0; t$
kT

% &
;

where the attempt frequency w0 can be assumed constant
and size-independent. The fraction of particles with a given
radius R0 transformed over a period of time t equals

W #R0; t$ " 1! exp !
Z t

0

w#R0; t0$dt0
% &

:

Applying these relations to an ensemble of particles with
a size distribution g(R0), the transformed volume fraction
becomes

u#t$ "
R1
0 R3

0g#R0$W #R0; t$dR0R1
0 R3

0g#R0$dR0

:

Knowing this function, the average hydrogen concentra-
tion in the powder, !n#t$, can be computed fromEqs. (24) and

(25). Combining this concentration withP(t), plots ofP vs. !n
can be constructed to study the e!ect of the pressure charge
rate on the hysteresis. This problem involves two di!erent
time-scales: the transformation time-scale 1/w0 and the
time-scale of the pressure change. The slowest time-scale will
control the kinetics. A detailed analysis of this model is
beyond the scope of this paper.
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Appendix A

In this Appendix, we derive some of the thermodynamic
relations discussed in Section 1 and illustrated in Fig. 1.
The line of derivation follows Gibbs’ variational method
[29]. This method was previously applied to analyze phase
nucleation in spherical particles by other authors (e.g.
[18,30,31]).

Consider a spherical single-phase particle containing a
fixed number Nm of metallic atoms and embedded in a
large constant-volume reservoir of a gas (atmosphere) con-
taining molecular hydrogen and possibly other chemically
inert components. The particle can absorb the hydrogen
in either molecular or atomic form. We will first derive con-
ditions of thermodynamic equilibrium between the particle
and the atmosphere and then establish conditions of equi-
librium between the metallic and the hydride phases of the
particle. To simplify the derivations, we assume that the
system remains in thermal equilibrium at a fixed tempera-
ture T during all variations considered below.

Suppose the particle and the atmosphere are each in
their internal thermodynamic equilibrium but not necessar-
ily in equilibrium with each other. The Helmholtz free
energy of the particle is F(T,V,Nm,N), where V is the parti-
cle volume and N is the number of hydrogen molecules dis-
solved in it. (If hydrogen dissolves atomically, N is half of
the number of hydrogen atoms inside the particle.) The free
energy of the atmosphere is F a#T ; V a;NH2

;N 1; . . .$, where
Va is its volume, NH2

is the number of hydrogen molecules,
N1,. . . are the numbers of other molecules not soluble in the
particle. The following relations hold:

@F
@V

" r; #33$

@F a

@V a
" !Pa; #34$

@F a

@NH2

" l; #35$
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where r is normal stress on the surface of the particle, Pa is
the total atmospheric pressure and l is the chemical poten-
tial of hydrogen molecules in the atmosphere.

Consider a variation in which dN additional molecules
dissolve in the particle (dN > 0) or are released by the par-
ticle (dN < 0). The accompanying change of the total free
energy Ftot is

dF tot " dF % dF a " rdV % @F
@N

dN ! Pa dV a % ldNH2
:

With the constrains dV + dVa = 0 and dN % dNH2
" 0,

this becomes

dF tot " #r% Pa$dV % @F
@N

! l
% &

dN ;

where the variations dV and dN are independent and can
have any sign. The criterion of thermodynamic equilibrium
dFtot P 0 leads to the mechanical equilibrium condition

r " !Pa; #36$

and the hydrogen exchange equilibrium condition

@F
@N

" @f
@n

" l: #37$

In the latter equation, we replaced oF/oN by of/on,
where f and n are the free energy and number of dissolved
molecules per unit volume of the particle (note that this
derivative is taken at constant V).

Now consider two di!erent phases of the same particle:
a metallic solution (M) and a hydride (H). If each phase
considered separately is in equilibrium with the same atmo-
sphere, then

rM " rH " !Pa; #38$
@fM
@nM

" @fH
@nH

" l: #39$

The latter relation can be represented by parallel tan-
gents similar to Fig. 1.

The total Helmholtz free energy change due to the H-M
transformation equals:

DF tot " F H ! F M % )Pa#V H ! V M$ ! l#NH ! NM$*; #40$

where the terms in the square brackets represent the free
energy change of the atmosphere. This expression can be
rewritten as:

DF tot " #fH ! lnH % Pa$V H ! #fM ! lnM % Pa$V M : #41$

The relative stability of the phases is dictated by the
magnitude and sign of DFtot, with DFtot = 0 for phase
equilibrium.

Under conditions relevant to hydrogen storage, Pa is too
small to produce deformations of the solid particle that
could a!ect its free energy or other thermodynamic proper-
ties. In this work we assume Pa = 0 in Eq. (41) and treat the
single-phase particles as unstressed. (The two-phase states
are subject to internal stresses arising due to the transforma-
tion strain as analyzed in the paper.) In addition, changes in

the particle volume can be neglected in comparison with
variations of the thermodynamic terms in the brackets.With
these approximations, Eq. (41) reduces to:

DF tot=V " #fH ! lnH $ ! #fM ! lnM$ " xH ! xM ; #42$

whereV is the common volume of the phases andx & f ! ln
is the grand potential of an unstressed phase. In addition,
Eq. (38) becomes rM = rH = 0.

On a plot of f vs. n at a fixed temperature,x is the intercept
of the tangentwith the f-axis. The hydride ismore stable than
the metal if DFtot/V < 0 and thus xH < xM and less stable if
DFtot/V > 0 and thus xH > xM. The full phase equilibrium
with respect to both hydrogen and metal components is
reached at a chemical potential leq which produces coinci-
dent intercepts (xH = xM) and thus a common tangent to
both plots (Fig. 1). Note that the partial equilibrium with
respect to hydrogen between a given solid phase (H or M)
and the atmosphere is expressed geometrically by the slope
equal to the hydrogen chemical potential l (Fig. 1).
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